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ABSTRACT. Let S be a minimal complex surface of general type with Kz = p,(S) = 1. By a theorem of
Catanese, the canonical model of S is a complete intersection of two sextics in P (1,2, 2, 3, 3) whose equations
admit a normal form, and the global Torelli theorem fails for these surfaces. We describe Aut(.S) in terms of
the coefficients of the normal form, prove that | Aut(S)| < 72, and classify the surfaces attaining the bound:
two surfaces with singular canonical model and a one-parameter family X, of smooth surfaces. For the surfaces
X, we compute a basis of the primitive cohomology consisting of eigenvectors of a subgroup Z/6Z x Z/6Z
of Aut(X,), given by residues of explicit polynomials, together with the intersection form in this basis. We
then show that the natural map from Aut(X,) to the group of Hodge isometries of the primitive lattice modulo
=+1 is injective but has image of index at least 331 776, so that the Torelli principle for automorphisms fails for
these surfaces.

INTRODUCTION

The Torelli problem asks whether a smooth projective variety is determined by its polarized Hodge struc-
ture. For minimal surfaces of general type with K? = py = 1, the subject of this paper, the answer is
negative: by a theorem of Catanese, the period map of these surfaces has degree at least two [Cat80, Theo-
rem 3.3], so they give a counterexample to the global Torelli problem, see also [Tod81] for counterexamples
withp, =1, ¢ =0and 2 < K 2 < 8. A related question is to what extent the automorphism group of a
variety is determined by its polarized Hodge structure. For a K3 surface X the answer is given by the strong
Torelli theorem: an isometry of H? (X, Z) preserving the Hodge decomposition and the ample cone is in-
duced by a unique automorphism of X [PSS71, BR75]. For several Klein hypersurfaces, the automorphism
group of the hypersurface and the automorphism group of its polarized Hodge structure coincide up to the
involution +£1 [GALMVL24], as predicted by a Torelli principle for automorphisms. In this paper we study
this question for the surfaces with K? = p, = 1 whose automorphism group is as large as possible. This
requires first classifying these surfaces, which is the content of the first part of the paper.

The automorphism group of a minimal complex surface of general type S is finite, and by a theorem of
Xiao its order is at most 422K§ [Xia94, Xia95], the analogue of the classical bound 84(g — 1) of Hurwitz
for curves of genus g > 2 [Hur93], which is attained by the Klein quartic [Kle78]. For K g = 1, Noether’s
inequality K2 > 2p,(S) — 4 [BHPVAV04, Theorem VIL3.1] gives p,(S) < 2. If p,(S) = 2, the canonical
model of S is a hypersurface of degree ten in P(1,1,2,5), and Wen [Wen21] and Zhao [Zha26] proved that
| Aut(.S)| < 200 in this case. Throughout this paper we work over the field C of complex numbers, S is a
minimal surface of general type with K% = p,(S) = 1 and X is its canonical model, a normal surface with
at most rational double points. Since the minimal resolution S — X is unique, Aut(S) = Aut(X). By a
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theorem of Catanese [Cat79, Cat80], X is a complete intersection of two sextics in the weighted projective
space P(1,2,2,3,3), contained in its smooth locus, and its equations can be put in the normal form

f= z% + zozq a(y) + F(y), g= zi + zoz3 b(y) + G(y).

Here g, x1, x2, 23, 24 are the coordinates of P (1,2, 2, 3, 3), of weights 1,2, 2, 3, 3, we write

y = (yo,91,2) = (25,71, 72)
for the coordinates of P(2,2,2) ~ P2, and a, b are linear forms and F, GG cubic forms in ¥, see Theorem 1.1.
In Proposition 1.4 we describe Aut(X) in terms of the normal form: after a suitable choice of coordinates,
every automorphism of X is induced by a graded automorphism

T — X, (y1,92) = A(y1,2), 23 [123, 24 V2,

with A € GLg and p, v € C*, or by such an automorphism followed by the exchange of z3 and z4, and the
triples (A, u, v) that occur are the solutions of explicit equations in a, b, ', G. This description reduces the
computation of | Aut(X)| to a case analysis, which gives the following.

Theorem A. Let S be a minimal complex surface of general type with K% = py(S) = 1. Then | Aut(S)| <
72. Moreover, equality holds if and only if S is the minimal resolution of one of the following complete
intersections in P(1,2,2,3,3):
Xop,: z%—i—a:g—i—xi’—i—x;’:zz—&—xi’—xg’:o,
X34, z§+x8+x?f:ﬁg :zz+x8+x?+m§ =0,
X, 2 drad+ad -l =22 a2l -2l =0, re C* ~{+£1}.

Here, Xop, has two rational double points of type Dy and Aut(Xop,) ~ ((Z/3Z)? x Z/AZ) x Z/2Z. The
surface X34, has three rational double points of type As and Aut(X3a,) ~ (Z/3Z)? x Dy, where Dy is

the dihedral group of order eight. Every X, is smooth, with Aut(X,) ~ (Z/6Z x Z/6Z) x Z /2Z, the group
of order two exchanging the two factors. The only isomorphisms among these surfaces are X, ~ X, 1.

The bound of Theorem A is substantially sharper than Xiao’s general bound 1764 and than the bound 200
for p, = 2. The reason is that the binary cubic forms C' = F'(0,y1,y2) and D = G(0, y1,y2) are coprime,
so that Aut(X) acts on a set of at most six points of P! preserving a partition of it into two subsets of three
points, and a projective transformation of P! fixing three points is the identity. This argument fails only
when C' and D are both cubes of linear forms. For these surfaces the order of the group is controlled by a
lattice of characters and we prove that | Aut(X )| < 64 (Proposition 2.10).

We now return to the Torelli principle for automorphisms. The extremal surfaces of Theorem A satisfy
a = b = 0, so they are bidouble covers of P? branched along the cubics F' = 0, G = 0 and the line
yo = 0 [Cat80, Proposition 2.2], and on the locus of bidouble covers the differential of the period map is not
injective [Cat80, Theorem 3.1]. In the second part of the paper we compute the Hodge structure of the smooth
surfaces X, and we compare Aut(X,) with the automorphism group of the polarized Hodge structure on
H%(X,,Z). Write A = H?(X,,Z), a unimodular lattice of signature (3,18), and L = K1 C A, which is
even unimodular of signature (2,18). Since K? = 1 we have A = ZK @ L, so the Hodge isometries of A
fixing K are exactly the isometries of L preserving the Hodge decomposition of L ® C. We write Onqg (L)
for this group. Every automorphism of X, fixes K and induces an element of Opq,(L).

Theorem B. Let r € C* \ {£1}. The Néron—Severi lattice of X, contains a root system of type As 1 Ag LI
Dy U Dy orthogonal to K, whose Weyl group W, of order 6% - 1922, acts on L by Hodge isometries fixing
H2°(X,) pointwise. Consequently, |Oyag(L)| > 36 |W| = 47 775 744. The natural maps

Aut(X,) — Ongg(L), Aut(X,) — Onqe(L)/{£1}
are injective, and their images have index at least 663 552 and 331 776, respectively.
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In contrast with the situation for Klein hypersurfaces [GALMVL24], Theorem B shows that the Torelli
principle for automorphisms fails for the surfaces X,. The reason is that the primitive cohomology of X,
contains many algebraic classes: L contains a negative definite sublattice of rank 16 consisting of classes of
type (1, 1), every isometry of L acting trivially on its orthogonal complement is a Hodge isometry, and few
of these isometries are induced by automorphisms. For very general » we show moreover that the Hodge
structure on the transcendental lattice determines exactly the quotient Z/6Z of Aut(X,) (Proposition 5.7),
so that the discrepancy of Theorem B is entirely supported on the Néron—Severi lattice.

The proof of Theorem B occupies Sections 4 and 5. As in [GALMVL24], we first compute a basis of
H?(X,, C)prim consisting of eigenvectors of the subgroup G' = Z/6Z x Z/6Z of Aut(X,) and formed
by residues of explicit polynomials, most of them monomials, the analogue of the Griffiths basis of the
primitive cohomology of a hypersurface [Gri69]. It is obtained from Mavlyutov’s description of the Hodge
components of a quasi-smooth complete intersection in a toric variety in terms of a Jacobian ring [Mav99],
and we compute the intersection form in this basis using a toric version of the Carlson—Griffiths formula
[CG80] due to Villaflor Loyola [VL24] (Theorem 4.7). The eigenspace decomposition gives a decomposition
of L ® Q into eight rational pieces, seven of which are of type (1, 1), and elementary lattice theory identifies
some of the sublattices of L that they cut out: two of them are lattices A2(—1), and the invariant lattices of
two involutions of G are isometric to D4(—1). The reflections in the roots of these lattices are the Hodge
isometries of Theorem B.

The paper is organized as follows. In Section 1 we recall Catanese’s results on canonical models, fix the
notation and describe Aut(X) in terms of the normal form. In Section 2 we prove the bound | Aut(X)| < 72,
and in Section 3 we classify the surfaces attaining it and prove Theorem A. In Section 4 we compute the
Griffiths basis of X, and the intersection form, and in Section 5 we prove Theorem B.

Acknowledgments. We warmly thank ROBERTO VILLAFLOR LOYOLA for useful discussions at various
stages of this project.
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1. PRELIMINARIES

The weighted projective space we consider in this paper is
P(1,2,2,3,3) = Proj Clxg, x1, x2, 23, 24],

where the variables have weights 1,2, 2, 3, 3, respectively. This space is well formed, and its singular locus
is the disjoint union of the two lines

22:{1’0:23:2:4:0}’1131, 23:{.1:0:3}1:%2:0}21)1,

whose points are the points with nontrivial stabilizer, y and 3 respectively, for the action of C* on A®~ {0}
with weights 1, 2, 2, 3, 3. We refer to [Dol82, IF00] for generalities on weighted complete intersections. Over
the smooth locus of P(1, 2, 2, 3, 3) the quotient map from the punctured affine cone is a principal C*-bundle.

Now let S be a minimal surface of general type. Its canonical model is X = Proj R(S, Kg), where
R(S,Ks) = @,,>o H(S,nKs) is the canonical ring. The surface X is a normal projective surface with
at most rational double points, the natural morphism S — X is the minimal resolution, and Kx is an
ample Cartier divisor with Kg( = K?q [Bom73, Rei87]. Since the minimal resolution of X is unique,
Aut(S) = Aut(X), and every automorphism of X acts on the canonical ring by a graded automorphism.
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Theorem 1.1 (Catanese). Let S be a minimal surface of general type with K?g = py(S) = 1 and let X be
its canonical model.

(1) q(S) =0, S is simply connected and h°(nKg) = $n(n — 1) + 2 forn > 2.

(2) The canonical ring of S is generated by elements xq, x1, X2, 23, 24 of degrees 1,2,2,3, 3 subject to two
relations f, g of degree six. Thus X = V(f,g) C P(1,2,2,3,3) is a complete intersection of two
sextics, and X is contained in the smooth locus of P(1,2,2,3,3). Conversely, a complete intersection
of two sextics contained in the smooth locus of P(1,2, 2, 3,3) and with at most rational double points is
the canonical model of a minimal surface of general type with K? = pg = L.

(3) After a change of the generators, f and g have the normal form

f= z% + xoz4 a(y) + F(y), g= zZ + x023b(y) + G(y),

where a,b are linear forms and F,G are cubic forms iny = (yo,y1,y2) = (3, 21,72). The binary
cubic forms C = F(0,y1,y2) and D = G(0,y1,y2) are then nonzero and coprime.

(4) Let X' = V(f',¢') be the canonical model of a second such surface, with f',g' in normal form. Every
isomorphism X — X' is induced by a graded automorphism of C|xq, x1, 2, 23, 24| carrying the ideal
(f',q) to the ideal (f, g) and of the form

To — AZo, Yyi = dioyo + dinyr + dioy2 (i =1,2), Z3 &> Z3, 24 & VZg,
or of the same form with the last two maps replaced by z3 — pzy, 24 — VZ2s3.

Proof. (1) is [Cat80, Lemma 1.1 and Theorem 2.2], (2) is [Cat80, Propositions 1.5, 1.6 and Theorem 1.7],
(3) is [Cat80, Proposition 1.8 and Lemma 2.1] and (4) is [Cat80, Theorem 1.7 and Proposition 1.9]. See also
[Cat79]. O

Two graded automorphisms of the polynomial ring inducing the same isomorphism X — X' differ by
an element of the torus {(¢,¢2,t2,¢3,13)}, because a graded automorphism of the canonical ring which acts
trivially on X acts on each H(S,nK ) by a scalar. In particular Aut(X) is the quotient by this torus of
the group of graded automorphisms of the polynomial ring preserving the ideal (f, g), and we identify an
automorphism of X with a graded automorphism of the polynomial ring inducing it.

We shall use repeatedly the following consequence of the fact that X is a canonical model.

Lemma 1.2. Let X = V(f,g) be as in Theorem 1.1 and let C = V (f,g) C A® be the affine cone over X.
At every point p # 0 of C the Jacobian matrix of (f, g) has rank at least one, and it has rank two if and only
if the image of p is a smooth point of X.

Proof. Since X lies in the smooth locus of P(1,2,2,3,3), the map C . {0} — X is a principal C*-
bundle, so dim7,,C = dimTpX + 1, where P € X is the image of p € C. As T,C is the kernel of the
Jacobian matrix, this matrix has rank two if and only if dim 7»X = 2, and it has rank zero if and only if
dim Tp X = 4, which is impossible since a rational double point has embedding dimension 3. O

Notation 1.3. From now on X = V(f,g) C P(1,2,2,3,3) is the canonical model of a minimal surface of
general type with K2 = pg = 1, with f, g in the normal form of Theorem 1.1, that is,

f=2+rxozaly) + Fly),  g=2 +x023b(y) +Gy),

where y = (yo,y1,y2) = (22, 71, 72) are the coordinates of P(2,2,2) ~ P2, a, b are linear forms and F, G
are cubic forms in y. We write

F = coys + vaL(y1,y2) + v0Q(y1, y2) + C(y1, 42),
G = doys + yo L' (y1. y2) + yo@' (1, y2) + D(y1,12),
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with L, L' linear, @, Q' quadratic and C, D cubic binary forms, and
a = aoyo + a1y1 + azyz, b = boyo + b1y1 + bayo.

For a form H in y and A € GLy we write H o A for the form y — H (yo, A(y1,y2)). The pencil spanned by
the parts of f and g which are quadratic in 23, z4 does not depend on the choice of f, g. In the normal form
its two degenerate members are 23 and z7.

We now describe the automorphism group of X in terms of the coefficients of the normal form in Nota-
tion 1.3.

Proposition 1.4. Let X be as in Notation 1.3. After a further change of coordinates preserving the normal
form, Aut(X) consists exactly of the automorphisms

To > To, (y1,92) = A(y1, y2), z3 > 23, Z4 > v2Zy
with A € GLg and p, v € C* verifying
FoA=u’F, Go A =1°G, v(aoA) = pa, p(bo A) =2, (D

together with the automorphisms obtained from these by replacing the last two maps by zs3 — uz4 and
24 > V23, in which case the conditions are

FoA=12G, GoA=1%F, v(aoA) = pu?b, p(bo A) =1v2a. ()

Definition 1.5. We call the automorphisms of the first list in Proposition 1.4 of the first kind and the others of
the second kind. The elements of the first kind are the automorphisms preserving each of the two degenerate
members 22, 27 of the pencil of Notation 1.3, so they form a subgroup Aut; (X) C Aut(X) of index at most
two which does not depend on the choice of the normal form.

Proof of Proposition 1.4. By Theorem 1.1(4), every automorphism of X is induced by a graded automor-
phism of the form xo — Azg, y — My, with M € GLg stabilizing the line (yo), together with a diagonal or
antidiagonal rescaling of z3, z4. The image of Aut(X) in GL3 lies in the parabolic subgroup P of matrices
stabilizing (yo), and P = (C* x GLg2) x Uy, where Uy is the unipotent radical, consisting of the coordinate
changes yo — Yo, ¥i — ¥; + ciyo. The group of graded automorphisms of the polynomial ring preserving
(f, g) is an extension of the finite group Aut(X) by the torus {(t, t2,¢2,¢3,+3)}, so it is reductive, and its im-
age in P is conjugate to a subgroup of the Levi factor C* x GLg by an element u € Uj (see, e.g., [Mos56]).
The element w is induced by the coordinate change z; — x; + cixg, which preserves the normal form: it
replaces a, b, F', G by a ou,bou, F o u,G o u and leaves the terms z%, zi, 024 and xgz3 unchanged. After
this coordinate change every element of Aut(X) acts on y by a matrix diag(\?, A) with A € GLy. The
torus acts on the parameters by A\ — t\, A — t?A, p — t3u, v — t3v, so each automorphism has a unique
representative with A = 1.
For an automorphism ¢ of the first kind with A = 1 a direct computation gives

' f =P +vmoz (a0 A)+ Fo A,  ¢'g=vz] + paozs (bo A) + G o 4,

and ¢ preserves the ideal (f, g) if and only if o* f = p?f and ¢*g = v2g, which is (1). Indeed, since f and
g span the degree six part of the ideal, ¢ preserves (f, g) if and only if ¢* f and ¢* g are linear combinations
of f and g, and comparing the coefficients of zg and ZZ shows that these combinations are 2 f and v2g. The
same argument applies to the second kind. For the second kind one gets o* f = p?22 +vrgz3(aoA)+Fo A
and p*g = 1223 + pxoza(bo A) + G o A, so the condition is ¢* f = u%g, p*g = v2f, which is (2). O

Sending an automorphism to its matrix A defines a homomorphism Aut(X) — GLy. We call B its
image and V its kernel. Composing with GLy — PGLy we obtain a homomorphism Aut(X) — PGL,
with image 7', so that we have the exact sequences

1>V —=Au(X)—B—1, 1-BNC*—>B—-T—1, (3)
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where C* C GLg denotes the scalar matrices, and | Aut(X)| = |V| - |BN C*|-|T|. The group T acts on
the line P! with homogeneous coordinates (y; : y2), and we write 77 C T for the image of the subgroup
Aut (X) of elements of the first kind.

In view of (3), we bound | Aut(X)| by bounding separately the orders of V., BNC* and T'. The following
lemma computes V. It also shows that the scalar matrices in B come only from elements of the first kind, a
fact used in Lemma 2.2 to bound |B N C*|.

Lemma 1.6. No element of the second kind has A scalar. The group V consists of the elements of the first
kind with A = 1d, and
1 ifa #0andb # 0,
V =47Z/2Z if exactly one of a, b is zero,
(Z/)2Z)* ifa=b=0.

Proof. An element of the second kind with A = ¢ Id satisfies Fo A = u?G, hence t>C' = ;2 D, contradicting
the fact that C' and D are nonzero and coprime. So V' consists of elements of the first kind with A = Id, for
which (1) reads F' = p?F, G = v2G, va = p?a and pb = v?b. Since F,G # 0 we get > = v2 = 1. If
a # 0 the third condition gives v = 1, and if b # 0 the fourth gives ;o = 1. Conversely (u,v) = (—1,1) is
admissible if and only if b = 0, and (,v) = (1, —1) if and only if & = 0. O

2. BOUNDS ON THE ORDER OF THE AUTOMORPHISM GROUP

We keep the notation of the previous sections. By Lemma 1.6, the group V' has order at most four, with
equality if and only if @ = b = 0. In this section we bound the two remaining factors of | Aut(X)| =
V|- |BNC*|-|T|. We first show that |[B N C*| < 3 in Lemma 2.2, and then we bound |T|, treating
separately the case in which C and D are both cubes of linear forms.

The point (1 : 0 : 0 : 0 : 0) of P(1,2,2,3,3) lies on X exactly when ¢y = dy = 0. The following
lemma, which will be used repeatedly in this section, is the condition that X has at most a rational double
point there.

Lemma 2.1. Write L = LWy, + L@y, and L' = I'Wy; + L'y, If g = dy = 0, then (L, L, ag, by) #
(0,0,0,0).

Proof. If ¢y = dy = 0 then p = (1,0,0,0,0) lies on the affine cone, and the gradients of f and g at p are
(0, LM, L0, ap) and (0, L'V, L'® by, 0). By Lemma 1.2 they do not both vanish. O

We now bound the second factor |B N C*|. When the bound is attained, the lemma also shows that the
cubic forms F' and G reduce to coyg + C and doyg + D, which will be the starting point of the classification
in Section 3.

Lemma 2.2. The group B N C* has order at most 3. If | BN C*| = 3 then
L=L'=Q=Q =0, a = apyo, b = boyo,

so that F = coyg + C and G = doys + D.
Proof. By Lemma 1.6 an element with A = tId € B N C* is of the first kind, so (1) gives

co = plco, tL=p’L, t2Q=p*Q, t3C=u’C, vag=play, vta; =p’a; (i=1,2),

do = 1v3dy, tL' =1L, t*Q =12Q', t®D =1%D, puby=v?by, puth; =1>b; (1=1,2).
Since C # 0and D # O we get 2 = 2> = 3. If cg # O ordy # 0, then t3 = 1. If ¢g = dy = 0, then by
Lemma 2.1 either L # 0 or L’ # 0, in which case ¢t = t3 and > = 1, or L = L' = 0 and ag # 0 or by # 0.

If ag # O then v = p? = t3 and v? = 3 give t3 = 1, and the same holds if by # 0. In all cases t2 = 1 or
t3=1,s0|BNC*| < 3.
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Suppose |B N C*| = 3 and let ¢ be a primitive cube root of unity in it. Then y? = v? = 1, and from
tL = L, ?Q = Q, vta; = a; and ptb; = b; weget L = Q = 0,a; = ap = 0and by = by = 0, and
symmetrically L' = @' = 0. O

Definition 2.3. We say that X is of degenerate type if both C' and D are cubes of linear forms.

We now turn to the third factor |T'|. The group 7T acts on P preserving the union of the sets of roots of C
and D, which consists of at most six points. Outside the degenerate type these points are enough to bound
|T|, as shown in the following lemma, which also describes the configuration of the roots when the bound
on |T}] is attained. In the degenerate type the roots of C' and D are only two points and give no bound.
This case is treated at the end of this section by means of a lattice of characters, and it is the source of the
automorphisms of large prime order of Example 2.11. Throughout, (3 denotes a primitive cube root of unity.

Lemma 2.4. Assume that X is not of degenerate type. Then T has index at most two in T and |T1| < 6,
with |Th| < 3 if Ty is cyclic. If |T1| = 6 then C and D have three distinct roots each and, after a projective
change of the coordinate \ = 11 /yo on P, their sets of roots are the two orbits of size three of the dihedral
group A of order six generated by \ — (3\ and X — A7

Proof. An element of the first kind satisfies Co A = p?C and Do A = 12D, so its image in PG Ly preserves
the set of roots of C' and the set of roots of D, which are disjoint because gcd(C, D) = 1. An element of the
second kind exchanges the two sets, so 7 has index at most two in 7T'.

If C has three distinct roots, then 77 acts faithfully on them, so 7} embeds into the symmetric group on
three letters &3. In particular |T| < 6, and |T1| < 3 if T} is cyclic. If C' = £2m with £, m independent, then
T fixes the two points cut out by ¢ and m, hence is cyclic and acts freely on the complement of these two
points. The roots of D avoid them and are at most three, so |77]| < 3. If C' = £3, then T} fixes the point cut
out by £ and is cyclic. Since X is not of degenerate type, either D = m?n with m, n independent, in which
case 11 fixes three points and is trivial, or D has three distinct roots, which 77 permutes in orbits that are
free away from its second fixed point, so |77| < 3. The case in which D has fewer than three distinct roots
and C has three is symmetric.

Finally, | 71| = 6 forces C and D to have three distinct roots and 7} to be the full symmetric group on
the roots of C'. A subgroup of PGLy isomorphic to the symmetric group on three letters is conjugate to A,
whose orbits on P! are {0, 0o}, the two orbits {1, (3, (3} and {—1, —(3, —(3}, and orbits of size six. The
roots of C' and of D form two disjoint A-stable sets of size three, so they are these two orbits. O

By Lemma 2.4 we have |T'| < 12 outside the degenerate type. This bound can be improved when BN C*
is nontrivial, and the next two lemmas treat the cases |[B N C*| = 3 and |B N C*| = 2. In the first one we
assume moreover that a = b = 0, which by Lemma 1.6 is the case in which |V/| is maximal.

Lemma 2.5. Assume that X is not of degenerate type, that |B N\ C*| = 3 and that a = b = 0. Then ¢y and
do are not both zero and |T'| < 6.

Proof. By Lemma 2.2 we have F' = coyg + C, G = doyg + Dand L = L' = 0, and a = b = 0 gives
ag = by = 0. So ¢g and dj are not both zero by Lemma 2.1. By Lemma 2.4 we may assume |7}| = 6, and
we must show that T' = Tj. By Lemma 2.4 again we may take C' = y{ + 3 and D = y3 — 43, up to scaling
and up to exchanging the names of C' and D.

Suppose that some ¢ € Aut(X) is of the second kind. Its conditions include co = p%dg and dg = v%cg, so
co and djy are both nonzero, and then every element of the first kind has 2 = v = 1, thatis, Co A = C and
Do A = D. A diagonal A = diag(t;,t2) then satisfies J = ¢3 = 1 and induces a rotation A > (t1/t2)\,
so a reflection in 77 must be induced by an antidiagonal A, say with entries p, ¢q. For such an A one has
CoA=qg*ys+p3ydand Do A= ¢®y3 — p3y3,50Co A= C forces p*> = ¢> = land then Do A = —D,
a contradiction. Hence T} contains no reflection and |7 | < 3, which is absurd. g
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Lemma 2.6. Assume that X is not of degenerate type and that | BN C*| = 2. Thena =b =0, (L, L") #
(0,0) and |T| < 6.

Proof. Lett = —1 be the nontrivial element of B N C*, with associated y, v, so that p? = 12 = t3 = —1.
From the list of conditions in the proof of Lemma 2.2 we get ¢co = —cgand Q = —@),socg = 0 and @ = 0,
and symmetrically dy = @’ = 0. The conditions on a read vag = —ag and —va; = —a; fori = 1, 2. Since

v? = —1 we have v # +1, s0 a = 0, and symmetrically b = 0. Now Lemma 2.1 gives (L, L’) # (0, 0).
Comparing in Flo A = ;2 F the parts of degree two in yo gives Lo A = p?L, and similarly L'o A = v2L/,

for every element of the first kind. Hence T fixes the point of P! cut out by whichever of L, L’ is nonzero,

so it is cyclic and |T7| < 3 by Lemma 2.4. Therefore |T'| < 6. O

Having bounded |T'| for the surfaces which are not of degenerate type, we now concentrate on the degen-
erate type. Assume then that C' = ¢3 and D = m? with ¢, m independent linear forms, and normalize the
coordinates so that C' = y$ and D = y3. Every element of the first kind preserves the two points of P! cut
out by y; and y2, so its matrix A = diag(s, u) is diagonal, and an element of the second kind exchanges
them, so its matrix is antidiagonal. The conditions of Proposition 1.4 can therefore be compared monomial
by monomial. We write B for the image of Aut;(X) under (A, u,v) — (s,u), whose kernel is V' by
Lemma 1.6, so that | Auty(X)| = |V - | B1].

Lemma 2.7. With the above normalization, By is contained in the subgroup of C* x C* annihilated by the
following characters, one for each monomial occurring in the equations:
(i) s773u” for each monomial y(’)y{yé“ of Fwithi > 1;

(ii) sIuF=3 for each monomial yéy{yé” of Gwithi > 1;

(iii) $5729u=2k=3 for each monomial yé_z_ky{ylf of a;

(iv) s~ 273u5=2F for each monomial yé_]_ky{y§ of b.
Let T' C Z2 be the lattice generated by the corresponding exponent vectors. Then |B1| divides |pq’ — qp'| for
any two independent vectors (p,q) and (p',q") of T. The exponent vectors of type (i) satisfy —3 < p < —1
and 0 < q < 2, those of type (ii) satisfy 0 < p < 2 and —3 < q < —1, those of type (iii) are (6, —3), (4, —3)
and (6, —5), and those of type (iv) are (—3,6), (—5,6) and (—3,4).

3 3,2

Proof. The monomial y% of I gives s3 = 2 and the monomial yg’ of G gives u v“. A monomial

yhylyk of F gives siuF = p2 = s3, which is (i), and similarly for G. A monomial y, 7 “Fydyk of a gives
vsiuF = > = 3, so v = s37Ju~*. Squaring and using v?> = u? gives (iii), and (iv) is obtained in the
same way from b. The group B is contained in the group of characters of Z?/I", whose order is the index
of I', and that index divides the index of any sublattice of finite index, in particular the absolute value of the
determinant of two independent elements of I'. The ranges of the exponents follow from j + k£ < 2 in (i) and

(i) and from j + k£ < 1 in (iii) and (iv). O

To apply Lemma 2.7 we need enough monomials in the equations to produce two independent vectors in
I'. When a = 0 or b = 0, the characters of types (iii) or (iv) are not available, and the following lemma
guarantees that characters of types (i) and (ii) occur instead.

Lemma 2.8. With the above normalization, if a = 0 then F' has a monomial divisible by vy, and if b = 0
then G has a monomial divisible by .

Proof. If a = 0 and F = y3}, then f = z% + o3, whose gradient vanishes along the plane IT = {71 = 23 =
0} C AS. Since f vanishes on II and g restricted to IT is not identically zero, C N II is a surface contained in
the affine cone, along which the Jacobian matrix has rank at most one. By Lemma 1.2 its image in X, which
is a curve, consists of singular points, contradicting the fact that X has isolated singularities. The second
assertion is symmetric. O
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The following lemma excludes the only configuration of the degenerate type which would give an auto-
morphism group of order 72. It will be used in the proof of Proposition 2.10, in the case |B;| = 9 with
elements of the second kind.

Lemma 2.9. The complete intersection in P(1,2,2,3, 3) defined by
z%%—a:ﬁ—i—xi’:o, zi—i—mg—i—x%:O

has a simple elliptic singularity at the point Py = (0: 0:1:0:+/—1). In particular, it is not the canonical
model of a surface of general type.

Proof. The point Py lies on this surface and in the smooth locus of P(1,2,2,3,3). We consider its lift
p = (0,0,1,0,4/—1) € A5, and we write f = 23 4+ x5 + 23 and g = 23 + z§ + 3. The gradient of f
vanishes at p, while dg/0x2 does not. Hence {g = 0} is smooth at p, with local coordinates x, x1, 23, 24,
and the cone over the surface is cut out on it by f, which does not involve z4. The orbit of the C*-action
at p is the z4-direction, so a transverse slice of the cone at p, which is a local moclel of the surface at P, is
the surface singularity Zg + 23 + xg = 0. This is the simple elliptic singularity Eg, which is not a rational
double point. g

We can now bound the order of the automorphism group in the degenerate type. The proof combines
Lemma 1.6 with the bounds on |Bj| given by Lemma 2.7, distinguishing whether a and b vanish.

Proposition 2.10. If X is of degenerate type then | Aut(X)| < 64.

Proof. We use Lemma 2.7 throughout, and | Aut(X)| equals | Aut;(X)| or 2| Aut;(X)|, according to
whether there are elements of the second kind or not. Such an element satisfies v(a o A) = p©?b and
p(bo A) = v%a, so a = 0 if and only if b = 0.

Assume firsta = b = 0, so |V| = 4 by Lemma 1.6. By Lemma 2.8 the lattice I" contains a vector (p, q) of
type (i) and a vector (p', ¢') of type (ii). Since j+k < 21in (i) and (ii), we have p+¢ < —land p'+¢' < —1,
thatis, —p > ¢ > 0 and —¢’ > p’ > 0. Hence pq’ = (—p)(—¢') > qp’, so the two vectors are independent
and 1 < pq¢’ —qp’ < pq’ <9. Thus |By| <9, whence | Auty (X)| < 36. If there is no element of the second
kind we are done. If there is one, its matrix is antidiagonal, so it carries the monomial 3y} ylg to a multiple
of yéyéyf Comparing F' o A = ?G and G o A = v2F we see that the support of G is obtained from that
of F' by exchanging y; and y2, so I is stable under (p,q) — (¢,p). Suppose |Bi| = 9. Then 9 divides
pq’ — qp’ for every pair of vectors of types (i) and (i) in T', and since 1 < pq’ —qp’ < 9we get p¢’ —qp’ =9,
hence p = ¢’ = —3. Taking (p',¢') = (q,p), we obtain that 9 divides 9 — ¢2, so ¢ = 0. Thus (—3,0) and
(0, —3) lie in T, and since the index of I is at least | B1| = 9 we get I' = 3Z x 3Z. Every vector of type (i)
then equals (—3,0) and every vector of type (ii) equals (0, —3), so the only monomial of F divisible by yo
is 3, and likewise for G. Rescaling the variables we obtain the complete intersection of Lemma 2.9, which
is excluded. Hence |B1| < 8 and | Aut(X)| = 2| Aut1(X)| <2-4-8 = 64.

Similarly, if we assume that exactly one of a, b vanishes, say b = 0 and a # 0, so |V| = 2 and there
is no element of the second kind. By Lemma 2.8 the lattice I" contains a vector (p’, ¢’) of type (ii), and it
contains one of the three vectors of type (iii). These are independent. A direct computation shows that the
corresponding determinants are 6¢' + 3p’, 4¢' + 3p’ and 6¢' + 5p’, which for 0 < p’ < 2and -3 < ¢ < -1
have absolute value at most 18. Hence | B1| < 18 and | Aut(X)| = | Auty (X)| < 36.

Finally assume a # 0 and b # 0, so |V/| = 1. Then I" contains one of the three vectors of type (iii) and
one of the three of type (iv), which are independent, and the nine corresponding determinants have absolute
values 27, 21, 15, 15,9, 7, 21, 11 and 9. Hence |B1| < 27 and | Aut(X)| < 2-27 = 54. O

The following examples show that the bound of Proposition 2.10 is sharp, and that there are surfaces of
degenerate type with automorphisms of prime order 7 and 13, which cannot occur outside the degenerate
type, since there | Aut(X)| = |V| - |B N C*|-|T| has only the prime factors 2 and 3 by Lemmas 1.6, 2.2
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and 2.4. The singular loci are computed by means of Lemma 1.2, as the points of X where the gradients
of f and g are proportional. In each case C' and D are coprime, so the surface lies in the smooth locus of
P(1,2,2,3,3) and is a canonical model by Theorem 1.1(2).

Example 2.11. (1) The complete intersection zg + m%xg +zd =22+ xéxl + 3 = 0 is of degenerate type,
with C' = y3, D = y3 and @ = b = 0. Its singular points are (0: 0:1:0:y/—1)and (0:1:0:+/~1:0),
both of type Eg. The conditions (1) read u = 2, s* = p?, s = v? and u? = v, whence u = s> and s® = 1.
So Bj is cyclic of order eight and | Aut; (X)| = 32. The automorphism x1 <> x2, 23 <> z4 exchanges the
two equations, so | Aut(X )| = 64 and the bound of Proposition 2.10 is attained.

(2) The complete intersection Z% + a:éxg + a:i{’ = ZZ + xox123 + x% = 0 is of degenerate type, with a = 0
and b = y;. Its singular points are (1 : 0: 0: 0 : 0), of type Ay, and (0:0:1:0:+/—1), of type Eg. The
conditions (1) read v = p?, s3 = p?, u? = v? and ps = v?, which give u = 53, u = s® and s> = 1. Hence
the coordinate change

To = To, 1 = (1, x> (P, 25+ (B2, 2y (Mzy, B =1,

which multiplies the first equation by (3 and the second by ¢?, is an automorphism of order thirteen, and
| Aut(X)| = 26.

(3) The complete intersection 23 + zgrs + 3 = 27 + 222? + 23 = 0 is of degenerate type, with
C =y}, D=y3anda = b= 0. Its singular points are (1 : 0:0:0:0),(0:0:1:0:+/~1)and
(0:1:0:+/=1:0), of types A5, Fg and Ao, respectively. The conditions (1) read u = p?, s = p?,
s?2 = v? and u® = 12, whence u = s% and s” = 1, so By is cyclic of order seven and | Auty(X)| = 28.
The supports of F' and G are not exchanged by y; <> 9, so there is no element of the second kind and
| Aut(X)| = 28. A generator of B; gives the automorphism of order seven

To > Xo, x1 = Cr, zo > (3o, 23+ (P23, 24 W C24, ("=1

Combining the results of this section we obtain the bound of Theorem A, together with the restrictions on
the surfaces attaining it which are the starting point of Section 3.

Theorem 2.12. Let X be the canonical model of a minimal surface of general type with K? = pg = 1. Then
| Aut(X)| < 72, and if equality holds then X is not of degenerate type, a = b = 0, |[BN C*| = 3 and
|T'| = 6, where B and T are the images of Aut(X) in GLg and in PGLo, as in (3).

Proof. If X is of degenerate type this is Proposition 2.10, so assume it is not. We use | Aut(X)| = [V|-|BN
C*| - |T| together with |V| < 4 (Lemma 1.6), |B N C*| < 3 (Lemma 2.2) and |T'| < 12 (Lemma 2.4).

Suppose |B N C*| = 3. By Lemma 2.2 we have a = agyo and b = boyo. If ag = by = 0 then |V| =4
and |T'| < 6 by Lemma 2.5, so | Aut(X)| < 72. If exactly one of ag, by vanishes, say by = 0 and ag # 0,
then |V | = 2, and there is no element of the second kind because such an element forces a = 0. So T' =T}
and | Aut(X)| < 2-3-6 = 36. If agbp # 0 then |[V| = 1 and | Aut(X)| < 3-12 = 36.

Suppose |B N C*| = 2. Then | Aut(X)| < 4-2-6 = 48 by Lemma 2.6. Suppose |B N C*| = 1. Then
|Aut(X)] <4-1-12=48.

In all cases | Aut(X)| < 72, and equality forces the first case with ag = by = 0, thatis a = b = 0,
together with |[V| =4, |[BNC*| =3 and |T| = 6. O

3. THE SURFACES WITH THE LARGEST AUTOMORPHISM GROUP

In this section we classify the surfaces attaining the bound of Theorem 2.12, we compute their automor-
phism groups and singularities, and we determine the isomorphisms among them, which proves Theorem A.
Throughout this section X is a canonical model with | Aut(X)| = 72. By Theorem 2.12 it is not of degen-
erate type, a = b = 0, and the groups V', B and T of (3) satisfy |V| = 4, [BN C*| = 3 and |T| = 6.
Moreover, by Lemma 2.2

F=cyy+C,  G=doys+D,
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with (co,do) # (0,0) by Lemma 2.5. Since |T'| = 6 and 77 has index at most two in 7', either 7' = 7T} has
order six, or T has order three and there are elements of the second kind. We treat the two cases separately,
and we find one surface in the first case, one surface in the second case when the second kind acts on P!
through the torus normalizing 77, and a one-parameter family when it acts through a reflection. For short,
we write 01, o9 for the automorphisms z; — (3x; and 2 — (3x2 (with p = v = 1) and €1, €2 for the
automorphisms 23 — —z3 and z4 — —z4, which generate V.

We begin with the case 7' = 77, in which the automorphisms of the first kind already act on P! through a
group of order six. It leads to a single surface, with two singular points.

Proposition 3.1. Suppose T' = T1. Then X is isomorphic to
Xop,: ZA+aS+ad =0, 24—y =0.

The surface Xop, is a canonical model whose singular locus consists of the two points (1 : 0 :0: £/ —1:
0), both of type Dy, and Aut(Xap,) ~ ((Z/3Z)? x Z/AZ) x Z/2Z, where the cyclic group of order four
acts through its quotient of order two by exchanging the two factors.

Proof. By Lemma 2.4, since |T}| = 6, after a coordinate change and a rescaling of f and g we may assume
that {C, D} = {y} + v3, y{ — y3}. The coordinate change x5 — —x5 exchanges these two forms and fixes
everything else, so composing it with the exchange of f and g and of z3 and z4 we may permute ¢y and dy
while keeping C' = y% + y% and D = y:f — yg’ As computed in the proof of Lemma 2.5, an antidiagonal
A inducing a reflection satisfies p? = ¢> = p? and v? = —u2. From ¢y = pcq and dg = v2dy = —p?dy
we conclude that ¢y and dy cannot both be nonzero, so exactly one of them vanishes, and by the previous
permutation we may assume do = 0 and cq # 0. Substituting 29 — Azo multiplies ¢y by A, so we may
normalize ¢y = 1 and obtain Xsp,.

The equations of X»p, are in normal form with @ = b = 0, and C and D are coprime. The gradients are
(623, 372, 323, 223,0) and (0, 322, —323,0,2z4). If 24 # 0, proportionality of the gradients forces the first
one to vanish, hence T = 71 = x3 = 23 = 0 and g = 27 # 0. So 24 = 0 at a point where the gradients
are proportional, and g = 0 reads 25 = 3. If the second gradient is nonzero, the first must be proportional
to it, which forces g = 23 = 0, and then f = 0 gives :Ei)’ + :Eg’ = 0, so z1 = x2 = 0 and the point is the
origin. Hence the second gradient vanishes, that is x1 = 29 = 0, and f = 0 gives z% = —xg with zg # 0.
Normalizing o = 1 we obtain the two points of the statement, which are distinct in P(1,2, 2, 3,3). Near
(1:0:0:+/=1:0) we work in the chart xp = 1. Since df/dz3 # 0 there, {f = 0} is smooth with local
coordinates 1, T2, 24, and Xop, is cut out on it by g = 22 + o3 — 3, where 3 — 3 is a product of three
pairwise independent linear forms. So the singularity is of type Ds. Hence Xop, has only rational double
points, and it is a canonical model by Theorem 1.1(2).

We compute Aut(Xap,). Since a = b = 0 we have |V| = 4. Since ¢y = 1, every element of the first
kind satisfies y?> = 1 and C o A = C. Since dy = 0, the only condition coming from G is D o A = v2D.
If A = diag(t1,t2) then C o A = t3y3 + t3y3, sot3 = t3 = 1, and then D o A = D and v?> = 1. This
gives nine matrices. If A is antidiagonal with entries p, ¢ then C' o A = qSyS’ + p3y%, sop® =¢3 =1, and
then D o A = —D and v> = —1. This gives nine more. There is no element of the second kind, since
F o A = ;2@ is impossible: the left hand side has a nonzero coefficient in yg’ and the right hand side does
not. Hence |B| = 18 and | Aut(Xap,)| =4 - 18 = 72.

Let 7 be given by 1 ¢+ 2, 23 — 23 and z4 — \/—1 z4. Then o1, 02 generate a group isomorphic to
(Z/ 3Z)2, 7 has order four with 72 = &5, and 7 exchanges o1 and o2. The element ¢; is central and does not
belong to the group generated by o1, 02, 7, which has order 36. Hence Aut(X2p,) = ((Z/3Z)? x (1)) x
<€1>. O

We now turn to the case in which 77 has order three and there are elements of the second kind. The
following lemma gives a common normal form for C' and D, and shows that the matrix of an element of
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the second kind is either diagonal or antidiagonal. These two possibilities are treated in Proposition 3.3 and
Proposition 3.4, respectively.

Lemma 3.2. Suppose |T1| = 3 and that there is an element of the second kind. Then C and D have three
distinct roots each, and after a coordinate change and a rescaling of f and g we may write

C:y%_ay§7 D:yii_ﬁy%a O[,/BECX7 O[?éﬁa
with Ty generated by \ — (3\, where \ = y1 /ya. Moreover cody # 0, and the matrix of an element of the
second kind is diagonal or antidiagonal.

Proof. Normalize 77 = (A — (3)\), whose fixed points are 0 and oo. The set of roots of C' is a T}-stable
multiset of size three, so it is either a free orbit, consisting of three distinct points, or supported on {0, co},
in which case C has a root of multiplicity at least two. An element of the second kind maps the multiset
of roots of C onto that of D, so the two multisets have the same multiplicities. If both were supported on
{0, 0o} then, being coprime, C and D would be y; and y3 up to scalars and X would be of degenerate type.
Hence both are free orbits and C, D have the asserted shape after rescaling y; and the equations.

An element of the second kind satisfies cg = p?dg and dy = v%cy, so ¢ and dg are both zero or both
nonzero, and the first case is excluded by Lemma 2.5. Its image in PGLo normalizes 77, and a direct
computation shows that the normalizer of (A — (3A) in PGLy consists of the maps A — tA and A — ¢/,
which are induced by diagonal and antidiagonal matrices respectively. O

Proposition 3.3. Suppose |T1| = 3 and that some element of the second kind has diagonal matrix. Then X
is isomorphic to

X34, z%—}—xg—i-x:{’—x%:(), zi—{-x%—l—xi’—k:v%:().
The surface X34, is a canonical model whose singular locus consists of the three points (1 : 1 : 0 : 0 : 0)
withn3 = —1, all of type A, and Aut(X3a,) =~ (Z/3Z)? x Dy.

Proof. Keep the notation of Lemma 3.2 and let A = diag(t¢;, t2) be the matrix of an element of the second
kind. Comparing the coefficients of 43 and of 3 in F' o A = ?G and in G o A = V2 F gives
3 = u2, atg = u25, t:{’ =12, 675% = 2.

Hence ;2 = v? and o® = (32, thatis « = —/3. Rescaling y» we may assume 3 = 1 and a = —1. From
co = H2d0 and dy = 3¢y = ,u200 we get u* =1, hence cg = +d,, and rescaling yo we may take dyg = 1
and ¢y = £1. If ¢g = —1, the coordinate change y; <> y fixes C and replaces D by —D. Multiplying g
by —1 and replacing z4 by v/—1 24 replaces (co, dp) = (—1,1) by (=1, —1), and rescaling o by a cube root
of —1 then gives (1,1). So we may assume ¢y = dyp = 1, and after exchanging the names of C' and D we
obtain X3 4,.

The gradients of X34, are (623, 373, —323,223,0) and (6x),32%,323,0,224). If 2324 # O they are
independent. If z3 = 0 and z4 # 0, proportionality forces the first gradient to vanish, hence o = x1 = x2 =
0and g = 27 # 0. The case z3 # 0, 24 = 0 is symmetric. So 23 = 24 = 0, and subtracting the equations
gives T9 = 0 and 23 = —338. There the two gradients coincide, so these points are singular, and normalizing
xo = 1 we obtain the three points of the statement. Near such a point 9f/0z1 # 0, so {f = 0} is smooth
with local coordinates x2, 23, 24, and X34, is cutout onitby g — f = ZZ — 232, + 23:;’, an A, singularity.
Hence X34, is a canonical model.

For the automorphism group, |V| = 4 since a = b = 0. Since ¢y = dyp = 1, every element of the first
kind satisfies 2 = 12 = 1,hence C o A = C and D o A = D. For A = diag(t1, t2) this gives t:{’ = t% =1,
nine matrices. For A antidiagonal with entries p, g we get Co A = q3y§3 — p?’yi)j =C,so0p® =¢*>=—1,and
then D o A = — D, so there is none. For an element of the second kind we need #2 =12=1,C0A=D
and Do A = C. For A = diag(t1,t2) this reads #3 = 1 and t3 = —1, giving nine matrices, and for A
antidiagonal there is none. Hence | B| = 18 and | Aut(X34,)| = 72. Let ¢ be the automorphism x2 — —x2,
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z3 <> 24, which exchanges f and g and has order two. Then ¢ commutes with o; and o2 and exchanges ¢
and e2, so (V, ¢) is dihedral of order eight and Aut(X34,) = (01, 02) X (V, ¢). O

Proposition 3.4. Suppose |T1| = 3 and that every element of the second kind has antidiagonal matrix. Then
X is isomorphic to a member of the family

X, 2 +ral+ad—r?al =0, 22+ al+ad—ad =0, re C* ~ {£1}.

Every X, is smooth, and Aut(X,) ~ (Z/6Z x Z/6Z) x Z/2Z has order 72, the group of order two
exchanging the two factors.

Proof. Keep the notation of Lemma 3.2 and let the element of the second kind be given by the antidiagonal
transformation y; — qya, y2 — py1. From F o A = ;>G and G o A = >F we get

co=p’do,  —ap’=p?, @ =—pPB,  do=vPc, —BpP =1, ¢ =
The two expressions for ¢® give u?3 = v2a, and the first and fourth equations give 202 = 1, so u* = /3
and cg/dy = p?. Rescaling 32 we may take 3 = 1, and rescaling yo we may take dy = 1. Setting r = p?
we obtain o« = 72 and ¢y = r, which is X,. Here r # 0, and o # f3 gives » # +1. Conversely, given
r € C* \ {1}, choose p with 2 = r, put v = p~1, and choose p,q with p3 = —r~1, ¢ = —r and
pq = 1. The resulting graded automorphism is an element of the second kind of X,..
We check that X,. is smooth. The gradients of f and g are

Vf = (6rz), 322, —3r%x3,223,0), Vg = (623,323, —323,0,224).

If z4 # 0 then proportionality forces the first gradient to vanish, hence xp = 1 = 2 = 23 = 0 and
g = 22 # 0. The case 23 # 0 is symmetric. So 23 = z4 = 0, and writing £ = 2§, n = 23, ( = 23 the
equations read ré +n —r2¢ = 0and £ + 7 — ¢ = 0, whence £ = (r + 1) andp = —r(, as r # 1. If the
gradients are proportional and z; # 0, the second coordinate gives the factor of proportionality 1, and the
first then gives 67“:5'8 = 6x8, so xg = 0, hence ¢ = 0 because r # —1, hence n = 0, a contradiction. So
x1 = 0, hence ¢ = 0 because r # 0, hence £ = 0, and the point is the origin. Therefore X, is smooth, and it
lies in the smooth locus of P(1,2,2, 3, 3) since C and D are coprime for r2 =% 1. By Theorem 1.1(2) itis a
canonical model.

We compute Aut(X,). Since ¢ = 7 and dy = 1 are nonzero, every element of the first kind has
p?=v? =1landCoA=C,DoA=D.For A= diag(s, u) this reads s3> = u® = 1, giving nine matrices
and, with the four choices of (u, ), thirty-six elements of the first kind. For A antidiagonal with entries p, ¢
we would get —ap? = 1 and —3p> = 1, hence a = f3, which is excluded. By the first paragraph there are
elements of the second kind, and the same count gives thirty-six of them. Hence | Aut(X,)| = 72. Let ¢ be
the element of the second kind constructed above, with p¢ = 1 and v = p~'. Then g02 acts by y; — pqy;,
zg — puvzg and z4 — przy, SO ch = 1, and conjugation by ¢ exchanges o with o2 and €1 with 5. Hence
(01,e1) and (09, e2) are two commuting cyclic groups of order six exchanged by ¢, and Aut(X,) is their
product extended by (). O

It remains to determine which of the surfaces Xop,, X34, and X, are isomorphic. For this we attach to
each surface of the type of Lemma 3.2 two quantities, and we show that an isomorphism can only change
them in four explicit ways.

Proposition 3.5. Let X and X' be two surfaces of the type treated in Lemma 3.2, with data
F=coyg+cyi —ays),  G=doys+d(yi — Byd)
and similarly for X'. Then the quantities

d
L=

I, = = —
! cdy

a
/67
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are defined and nonzero, and every isomorphism X — X' carries (11, I2) to one of

I |

Consequently X, and X, are isomorphic if and only if ' = r*

X34,-

1 and no X, is isomorphic to Xop, or to

Proof. The quantities are defined because codg # 0 by Lemma 3.2 and ¢, d, , 8 are nonzero. By Theo-
rem 1.1(4) an isomorphism X — X' is induced by a graded automorphism

xo — Ao, Yo — Ao, yi — (Ay)i +eiyo (1 = 1,2),

with A € GLs and e1, ey € C, together with either z3 — pz3, z4 — vzg Or 23 — 24, 24 — vzg. It
conjugates Aut;(X) onto Aut;(X’), hence 77 onto T7. After the normalization of Lemma 3.2 both are
generated by A — (3, so the class of A in PGLy normalizes that group and A is diagonal or antidiagonal.

We show that e; = ez = 0. Suppose A = diag(p1, p2). The antidiagonal case is identical after exchang-
ing the two variables. The pullback of F’ under this graded automorphism is

chA %5 + ¢ ((pry1 + e1yo)® — &/ (paya + ea0)?)

whose coefficients of yoy? and of yoy3 are 3¢/ p3e; and —3c’a’ p3es. This pullback is proportional to F or to
G, neither of which involves these monomials, so e; = e; = 0.

So the isomorphism is the composition of a coordinate change yg — Y¥o, Y1 — P1Y1, Y2 > p2y2 With
rescalings of the two equations by k1, k2, possibly followed by the antidiagonal coordinate change y; — qyo,
y2 — py1, and possibly by the exchange of f and g. Under the first ones,

o oy’ [k, e epifrn, v aps/pt, do s doy? ke, d s dpl ke, B Bps/pt,

so I; and I are unchanged. Under the antidiagonal coordinate change one computes ¢ +— —cap® and
a+— ¢3/(ap?), and similarly for d, 3, while cg and dg are unchanged. This gives I + 1/I and Iy +— I3 /1.
Exchanging f and g exchanges the triples (cg, ¢, ) and (dy, d, 3), so I; — 1/I; and Iy — 1/I5. The four
displayed possibilities are the four compositions.

For X, we have (I, I5) = (r%,r), and the four possibilities give (r*2,r*!). Hence X, ~ X,. forces
" = r*! and conversely X, ~ X, /r through the antidiagonal coordinate change. For X34, we have
(I, I5) = (—1,1). The relation I; = I3 is preserved by the four maps and holds for every X, so no X, is
isomorphic to X34,. Finally, Aut;(X2p,) = Aut(Xsp,) whereas Aut;(X) has index two in Aut(X) for
X34, and for every X,.. Since Aut; does not depend on the normal form, X5p, is not isomorphic to any of
the others. U

This concludes the proof of Theorem A. Indeed, since Aut(S) = Aut(X), the bound | Aut(S)| < 72
is Theorem 2.12. If equality holds, then either T = 77, or T} has order three and there are elements of
the second kind, whose matrices are diagonal or antidiagonal by Lemma 3.2. In these three cases X is
isomorphic to Xap,, to X34, or to a member of the family X,., by Propositions 3.1, 3.3 and 3.4 respectively.
Conversely, these propositions show that all these surfaces are canonical models with the singularities and
the automorphism groups of order 72 stated in Theorem A. Finally, by Proposition 3.5 the only isomorphisms
among them are X, ~ X 1.

4. THE GRIFFITHS BASIS OF X, AND THE INTERSECTION FORM

We now describe the primitive cohomology of the surfaces X, of Proposition 3.4. Using the Cayley trick,
we construct a basis of H?(X,., C)pim consisting of eigenvectors of a subgroup G' ~ Z/6Z x Z/6Z of
Aut(X,) and formed by residues of explicit polynomials, most of them monomials. This is the analogue of
the Griffiths basis of the primitive cohomology of a hypersurface. We then compute the intersection form in
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this basis, and we use the action of G to decompose the rational primitive cohomology into pieces defined
over Q, which is the starting point of Section 5.

In this section and the next, r € C* ~\ {£1} is fixed and X = X, is the smooth surface of Proposition 3.4,
with equations

f=22+ral 4+ 23 —r2ad, g =234+ al+ a3 — .
We put mg = z8, my = 23, mg = 23, ms = 23, my = 23, with exponents e = (e, . .., e4) = (6,3,3,2,2),

and we let (5 = €>™/6 and (3 = Cg. Groups act on cohomology by pull-back.

By Theorem 1.1 and adjunction, Kx = Ox(1), K% = 1, p,(X) = 1, ¢(X) = 0 and X is simply
connected. Hence e(X) = 12x(Ox) — K% = 23, by(X) = 21, hH1(X) = 19, and A = H*(X,Z) is a
torsion free unimodular lattice of signature (3, 18), which is odd since K? = 1. By Wu’s formula K is a
characteristic element!, so L = K+ is even. As K2 = 1 we have A = ZK & L, so L is unimodular of
signature (2, 18) and

L~Tly 5~ U @ Eg(—1)%
by the classification of indefinite unimodular lattices [Ser73, Chapter V]. The polarized Hodge structure on
L has Hodge numbers (1, 18, 1) and polarization Q = —( , ), where (, ) is the intersection form. We also

use the Hermitian form h(z,y) = [y 2 A§ on L ® C = H?(X, C)prim, which by the Hodge-Riemann

1,1

relations is positive definite on H?? @ H%? and negative definite on H i

With the same notation as in Section 3, we let 71 = 011 and 79 = o099, that is,

T1(20, 21, T2, 23, 24) = (20, (321, T2, —23, 24), To(x0, 21, T2, 23, 24) = (z0, 21, (322, 23, —24),

so that G = (71, 72) = Auty(X) ~ Z/6Z x Z/6Z. Fix § € C with % = r and let ¢ be the element of the
second kind of Proposition 3.4 with u = 63, ¢ = —#% and p = —0~2:

L(x0,$1,$2,z3,24> = ([EOv _021'27 _0_21'17 93247 9_323)'
Then t*f =rg, *g =r~1f, 12 =1, 1m0 = 7o and Aut(X) = G x (1).

To describe the primitive cohomology H? (X, C)prim = L ®z C, we use the so-called Cayley trick, which
associates to the complete intersection X = V(f, g) a hypersurface in a projective bundle [Mav99]. Consider
& =0p1,2233) (6)®2. Thus, we have P(£) ~ P(1,2,2,3,3) x PL.

Let H be the pull-back of the divisor class of (’)p(172,27373)(1), and let F' be the class of a fibre of the
projection to P!, We identify C1(P(&)) with Z? using the ordered basis (F + 6 H, H), and then a bidegree
(a,b) represents the divisor class a(F' + 6H) + bH = aF + (6a + b)H. The Cox ring of P(&£) is S :=
Clxo, x1, 2, 23, 24, U1, uz). Write (wo, . ..,wq) = (1,2,2,3,3) for the weights of (z¢, z1, z2, 23, 24). The
corresponding coordinate divisors have classes w; H, whereas {u; = 0} has class F' = (F + 6H) — 6H.
Consequently, the grading is

degx; = (0,w;) (0 <1i <2), degz; = (0,w;) (i = 3,4), degu; = (1,-6) ( = 1,2).

For the Cayley trick, writing mg = 28, m; = 23, mg = 23, ms = 22 and m4 = 22, we put
yley g 0 1 2 3 4 p

4
O =y f+usg =Y Li(u)m,
=0

fo :T’LL]_+U2, fl :Ul—l-UQ, 52 = —(T2U1+UQ), 53 = Uui, £4ZUQ,

of bidegree 3 = (1,0), which represents the class /'+6H of the ample line bundle Op(; 2,9 33)(6) X Op1 (1),
and where two of the linear forms ¢; are linearly independent, since r ¢ {0, £1}. As the anticanonical class
of P(£) is 2F + 11H, the anticanonical degree is given by [y := (2, —1).

2

1i.e., K -a=a" mod 2 forevery a € HQ(X, Z) and, in particular, if « € K+ thena® =0 mod 2.
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The Jacobian ideal of ® is

J= (a‘l’ L L 8¢’> = (xQbo, 701, x30la, 2303, 24l4, f, g),

Oxg " ? 0z4° Ouy’ Oug

and we put R = S/J, a bigraded ring. The hypersurface Y := {® = 0} C P(€) is quasi-smooth, because
f and g have independent gradients at every point of the punctured cone over X, and it is ample. Moreover,
Y contains 7~ 1(X) = X x P!, where 7: P(&) — P(1,2,2,3,3) is the projection.

The following theorem, which combines the results of Batyrev and Cox on ample hypersurfaces of toric
varieties with a theorem of Mavlyutov, describes the primitive Hodge components of X in terms of the
bigraded pieces of R. It is the analogue for X of Griffiths’ description of the primitive cohomology of a
smooth hypersurface by its Jacobian ring [Gri69].

Theorem 4.1 (Batyrev—Cox, Mavlyutov). Let €2 be the toric volume form of P(E) as in [BC94]. For q =
0, 1,2 the map sending A € S(41) to the (3—q, 1+q)-component of Res(AQ/ ®92) induces an isomorphism
Rg1) =~ H3_q’1+q(Y)prim, and 1) = jy o7 : H2(X, Q)prim — H(Y, Q) prim, where j: X x P — Y is
the inclusion, is an isomorphism of Hodge structures of type (1,1). Hence

_ AQ 3_q)1+q
A—wa=1v 1R68(w>

induces isomorphisms R, 1) =~ H27q’q(X)prim, and dim R,y = 1,18,1 for ¢ = 0,1,2.

Proof. The first assertion is the theorem of Batyrev and Cox [BC94] for the ample quasi-smooth hypersurface
Y, in the form of [VL24, Theorem 5.1], applied with m = 5 and p = 3 — ¢. The condition p # m/2 — 1 is
automatic. For A € S(, ), the form AQ)/®9+2 has bidegree zero because (¢ +2)3 — By = (g, 1). Taking the
(3 —gq, 1+ q)-component of its residue gives the required isomorphism. The second assertion is Mavlyutov’s
theorem [Mav99, Theorem 3.6] in the form of [VL24, Theorem 5.2 and Remark 5.2], where the primitive
cohomology of X used there is the kernel of the Gysin map H?(X) — H%(P(1,2,2,3,3)), which is K+
because K generates the image of H2(P(1,2,2,3,3)) in H*(X) and K2 = 1. O

We now determine how the group G acts on the classes w4 of Theorem 4.1, which will show that residues

of monomials are eigenvectors of G. For a monomial A = z(’z]' x5’ 25> zZ“u?l ug2 put

k(A) = (ki, ko) € (Z/6Z)2, ki =2(ci +1)+3(c3 +1), ko =2(co+1)+3(cs +1).

The polynomial ® is G-invariant, G = (71, 72) acting trivially on w1, ue. Up to a nonzero constant, €2 is the
contraction of dzg A - - - A dug by the two Euler vector fields of the bigrading [VL24, Proposition 7.2], which
are preserved by every coordinate change multiplying each variable by a scalar. Thus, 772 = det(7;) Q =
Cg Q) for j = 1, 2, the determinant being taken on the seven variables, and

TikwA:Cgl(A) wA, T;WA:C§2(A)WA- “4)
Thus residues of monomials are eigenvectors of the diagonal automorphisms. In what follows, we write
Hj, € H*(X, C)prim for the eigenspace of the character k € (Z/6Z)2.

The ideal J is homogeneous for the grading of S by the exponents modulo e = (eq, €1, €2, e3,€e4) =
(6,3,3,2,2). For a monomial A let a; € {0,...,e; — 1} be the residue of ¢; modulo e;, write a =
(ao, - .., aq) forits class and put I(a) := {i € {0,...,4} : a; = ¢; — 1}. In R, the degree condi-
tion ), wic; — 6(by + b2) = 1 gives ag = 1 — 2a1 — 2a2 — 3az — 3a4 (mod 6), so a and k(A) determine
each other, and we also write H, for Hy,4). For example, ¢ has class (1,0,0,0,0) and character (5, 5),
and the monomials zgz1 72 m;u’ of bidegree (2,2) which appear in Lemma 4.5 have class (4, 1,1,0,0) and
character (1,1), and in both cases I(a) = &.

Since J is homogeneous for this grading, the ring R splits as the direct sum of its class-a parts. The
following lemma describes each of them as a quotient of a polynomial ring in my, ..., My, u1, u2, which
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only depends on the set I(a). This reduces the computation of the eigenspaces H,, and of the pairing
between them, to linear algebra in these quotients.

Lemma 4.2. For each subset I C {0, ...,4}, define

Ay = Clmo, ..., my4,ur, us]
(f,9, mils (i ¢ 1), ; (i € 1))
Let a = (ag,...,aq) be a residue class modulo e, with 0 < a; < e;. Multiplication by the monomial

z% = xg’ ot xy? z? zy" identifies Aj(q), as a vector space, with the class-a part of R, denoted x® Ay(y).

Proof. Put B = C[my, ..., m4,uy, uz]. The class-a part of S is z* B. A monomial multiple of the generator
xfi_l& of .J lies in class a precisely when it has the form z*m®u®¢;, with §; > 1if i ¢ I(a), and §; > 0
otherwise. Since J is homogeneous and f, g have class zero, the relations on the coefficient of ¢ are exactly
those defining Aj(g). O

Combining Theorem 4.1 with Lemma 4.2, we can now compute the Hodge numbers of each eigenspace
H,. Only sixteen classes contribute: fourteen of them give one-dimensional eigenspaces of type (1, 1), and
the remaining two give the three-dimensional eigenspaces containing H*(X) and H>?(X).

Proposition 4.3. Let a = (ag, ..., a4), with 0 < a; < e;, satisfy
la] := ap + 2a1 + 2a2 + 3a3 +3a4 =1 (mod 6),
The dimensions of the Hodge components of H,, namely
(dime(H, N H*Y(X)), dimg(H, NHY (X)), dime(H, NH™?(X))),
are as follows:

(1) (0,0,0) if |1(a)

(2) (0,1,0) if [(a)

(3) (1,2,0) for a =
I(a) = 2.

Proof. Putm := (|a| —1)/6 € Z>o. By Theorem 4.1 and Lemma 4.2, for ¢ = 0, 1, 2 we have
Hy, N H2_q7q(X) = (Al(a))(q—m,q)a

where the first index is the total degree in the variables m; and the second is the total degree in uq, ug. We
eliminate ms, my4 using f, g, so that their images are the linear forms

There are exactly 14 such classes, all with |a| = T.

Z
(1, 0 0,0,0), and (0,2,1) for a = (3,1,1,0,0). These are the only classes with

A3 = —(rm0+m1—7“2m2), Ay = —(mg +mq —mg).
Writing A; = m; for ¢ < 2, any three of Ag, ..., A4 are linearly independent.
(1) Suppose that |I(a)| > 2. Two linearly independent forms ¢; vanish in A;(,), so u1 = ug = 0 there. Thus
only ¢ = 0 can contribute, and the nonnegativity of the first degree then forces m = 0. But m = 0 implies
a=(1,0,0,0,0), for which /(a) = @, a contradiction.
(2) For a singleton I = {s}, the quotient C[uy, u2]/(s) is a polynomial ring C[t], where ¢ is the image of
any linear form in wuq, us not proportional to £;. Each ¢; with ¢ £ s becomes a nonzero multiple of ¢. The
four forms A; with ¢ £ s span the space of linear forms in mg, m1, mao, so

Clmg, m1, ma, t]

Ap ~
g (tmo, tml, th) ’

with degm; = (1,0) and degt = (0, 1). Consequently,

1, g=m,

dimc (A7) (g-m.q) = {0 qg#m
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Applying this to I = I(a), it remains to determine m. Listing the classes with |/(a)] = 1 and |a| = 1
(mod 6) gives the 14 classes of Table 1, all with |a|] = 7, hence m = 1. Their Hodge dimensions are
therefore (0, 1,0).

(3) Suppose that I(a) = @. The conditions a; < e¢; — 2 and |a| = 1 (mod 6) leave only

a=(1,0,0,0,0), m = 0,

and
a=(3,11,0,0), m=L
In Ag, the component of bidegree (0, 0) is C, and that of bidegree (0, 1) is Cuj @ Cus. In bidegree (1, 1),

the five tensors \; ® ¢; span a subspace of dimension 4 of the 6-dimensional space of bilinear forms: the first
four are linearly independent, whereas

4
Z Ai @ 4; =0,
i=0
since this sum is the image of ® = wu f 4 wag after eliminating ms, my4. Thus
dlmc (A@)(l,l) = 2.

Moreover, dimc(Ag)(1,2) = 1 by Lemma 4.5 below. This component already contributes one dimension to
H%2(X) for the class a = (3,1, 1,0,0). Since h%2(X) = 1, it follows that (Ag)(2,2) = 0. Together with the
vanishing of components of negative degree, these computations give (1,2, 0) and (0, 2, 1), respectively. [

Choosing a monomial in each of the one-dimensional pieces of Proposition 4.3, and suitable polynomials
in the two three-dimensional ones, we obtain the elements A1, ..., Agg listed in Table 1. In terms of &, the
characters occurring in H? (X, C)prim are

({1,3,51°~ {(3,3)}) U ({2.4} x {1,5}) U ({1,5} x {2,4}),

each of order 6, with dim H s 5) = dim H(; ;) = 3 and all other eigenspaces of dimension one. The (2, 0)-
form lies in Hs5 5y, so 71 and 72 act on H%0 by Qﬁ_l: indeed R(q 1) is spanned by xo, so H20 is spanned by
wg, by Theorem 4.1, and k(z0) = (5, 5), so that 7wy, = (gwa, by (4).

In the two three-dimensional eigenspaces we use a basis adapted to ¢ (see Proposition 4.9 below). More
precisely, we put

T 3 T .3 .3
Ag = rxgur + 2x0xur, Az = ziur, Ag:=zgrize (rur +ue), As = zgrizs (rug — ug).

The following theorem shows that the residues of these elements form a basis of the primitive cohomology
of X.

Theorem 4.4. The 20 classes w; = wa, of Table 1 form a basis of the primitive cohomology H%(X, C)prim
consisting of eigenvectors of G, with the characters and Hodge types listed there. The classes WaTuy and
and w span HY NH ).

w span H NH 5 5), and the classes w

zoziuy T3T1T2UL T3T1T2UL

Proof. By Theorem 4.1, (4) and Proposition 4.3 it is enough to check that each listed element of a one-
dimensional isotypic piece is nonzero and that the two listed elements of each two-dimensional piece are
independent. In the first case the element is x%u; with u; not a multiple of /s, so its image in Ay ~
Clmo, m1,ma,t]/(t - (mo,m1,mz)) is a nonzero multiple of the variable ¢ introduced in the proof of
Proposition 4.3(2). In the second case the pieces are Cu; & Cugy and the quotient of the bilinear forms
by (A\; ® ¢;), in which my ® u; and m; ® uy are independent, as one checks directly. ]
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i A k(A;) type I(a) ¢*  partnerindex i*, ¢;
1 (5,5) (2,00 @ -1 6,1
2 raluy +2rordu;  (5,5) (1,1) @ =1 4, 2r3(1—r)
3 zlug (5,5) (1,1) @  +1 5, 2r2(1+7r)
4 xdrimo(rur +u2) (1,1) (1,1) o -1 2
5 zdmaa(rur —uwe) (1,1) (1,1) o +1 3
6 ziriziu’ (1,1) (0,2) @ -1 1
7 xiriug (1,5) (1,1) {0} —8 8 r(r+1)
8 xdrouy (5,1) (1,1) {0} —7 7
9 a3z (3,5) (1,1) {1} —11 10, —1®
10 xozirou; (3,1) (1,1) {1} —=12 9
11 z323uy (5,3) (1,1) {2} —9 12,1
12 morizduy (1,3) (1,1) {2} —10 11
13 23z3uz (2,5) (1,1) {3} —17 14, 3(r—1)%(r +1)
14 zix923U9 (4,1) (1,1) {3} —18 13
15 zdz123u9 (4,5) (1,1) {3} —20 16, »3(r —1)*(r +1)
16 z2wo23us (2,1) (1,1) {3} —19 15
17 x3zquy (5,2) (1,1) {4} —13 18, (r—1)>2(r+1)
18 T1T224U1 (1, 4) (1, 1) {4} — 14 17
19 2iri24uy (1,2) (1,1) {4} —16 20, (r—1)>2(r+1)
20 x3x9zsUy (5,4) (1,1) {4} —15 19

TABLE 1. The Griffiths basis of X,.. The column ¢* gives the eigenvalue of :* on w; when

I(a) = @ or the index j with t*w; € C*w; when |I(a)| = 1. The constant c;

o(AiAp)

of Lemma 4.5 below is listed once for each pair.

We now compute the intersection form in the basis of Theorem 4.4. All products A; A;«, where i* is the
partner index of ¢ as in Table 1, lie in the class (4,1,1,0,0) and in bidegree (2,2). They are of the form
.%3331(132 m; u® with by + by = 2. These products determine the intersection form: by G-invariance, (w4, wp)
vanishes unless the characters of A and B are inverse to each other, and Proposition 4.6 below expresses the
remaining values through a linear form on the class-(4, 1,1, 0, 0) part of R 5), which we now determine.

Lemma 4.5. The class-(4,1,1,0,0) part of R(3,9) is one-dimensional. The linear form ¢ on it normalized

by go(a:éazlx%u%) = 1 takes the following values on xéxlxg m; ub:
J u% U1 U2 u%
0 r(r+1) —r2(r+1) r3(r+1)
1 —r3 3 —r3
2 1 —r? r4
3 0 0 r3(r—1)>%(r+1)
4 (r—1>2(r+1) 0 0

Proof. By Lemma 4.2 this part is %(Ag)(1,2) With a = (4,1,1,0,0). It is spanned by the 15 monomials

mjub, subject to the relations £;m u;, = 0 and fub = gu® = 0. Put v; = @(mju?). For j = 0,1,2 the
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relations £;mjuy, = 0 (k = 1, 2) determine ¢ (mjuus) and ¢(m;u3) from v;. The relations fu® = gu® =0
give p(maub) = p(Azu) and p(m4u®) = p(A4u). The remaining relations ujmsuy, = 0 and ugmyug = 0
then reduce to

rvg + v — vy = 0, g +v; — rtug = 0,
the other two being consequences of these. For r ¢ {0, =1} the solution space is spanned by (vg, v1,v2) =
(r(r 4+ 1), —r3,1), which proves one-dimensionality and gives the table. O

The next proposition relates the intersection form of X to the linear form (. It follows from the toric
version of the Carlson—Griffiths cup product formula due to Villaflor [VL24], applied to the hypersurface Y,
together with the comparison between the cohomology of X and that of Y given by the isomorphism 1/ of
Theorem 4.1.

Proposition 4.6. There is a constant . € C* such that, for all monomials A, B € S(y 1),

kp(AB) ifk(A)+ k(B) =0,

0 otherwise.

<WA’WB> = {

where @ is the linear form of Lemma 4.5 and character addition is taken in (Z/6Z)2. Moreover, the genera-
tors wy € H2(X) and wg € HY2(X) satisfy v’ := (w1, wg) # 0.

Proof. By G-invariance, the intersection vanishes if k(A) 4+ k(B) # 0. Assume henceforth that k(A) +
k(B) = 0. Then AB € S(3 9y has residual class a = (4,1,1,0,0), since k(AB) = k(A) + k(B) — (5,5) =
(1,1). For such pairs we apply the cup product formula of [VL24, Theorem 1.4] to the ample quasi-smooth
fourfold Y = {® = 0} C P(&). We carry out the computation in toric coordinates for which Y is non-
degenerated, meaning that its intersection with every torus orbit is a smooth hypersurface or is empty. This
property fails in the original coordinates, since Y contains the torus-fixed points

(0:0:0:1:0)x(0:1), (0:0:0:0:1) x(1:0).
We therefore choose distinct ¢1, 2o € C\ {0, —1, —r, —r?} and introduce coordinates v1, v by
Ul = v1 + va, Uz = 1101 + t2v2.

Putting /' = f + t1g and ¢’ = f + tag, we obtain ® = vy f’ + vag’. Our choice of t1,ts ensures that
all five pure powers occur in both f’ and ¢’ with nonzero coefficients. We verify non-degeneracy in these
coordinates. Let T;, be a torus orbit of P(1,2,2,3,3). On T, x {vive # 0}, the equation is f’ + s¢g’ = 0,
where s = vy /v;. At a singular point, differentiation with respect to s gives ¢’ = 0, and hence f’ = 0. Since
t1 # to, this implies f = g = 0. The remaining derivative equations give a relation between the gradients
restricted to the orbit:

AVf+pVg =0, (A, 1) = (14 s,t1 + sta) # (0,0).

To rule this out, lift to the coordinate torus over T,,. The coefficient pairs of mo, ..., my in (f, g) are

(Tv 1)’ (1’1)’ (—T2,—1), (1’0)7 (Ovl)’
which are pairwise independent because r ¢ {0, +-1}. Since the m; are pure powers, the derivative equations
therefore force A = 1 = 0 whenever at least two weighted coordinates are nonzero, a contradiction. If only
one is nonzero, then X N T, = &. Finally, on T, x {v; = 0} and T, x {vy = 0}, the equation reduces
to ¢ = 0 and f’ = 0, respectively. These are sums of pure powers with nonzero coefficients, whose zero
loci on the orbit are smooth or empty. Thus Y is non-degenerated with respect to the coordinates (z, v). We
regard S and @ as fixed, expressing all their elements, including A and B, in the new coordinates. The chain

rule gives
8@/(%1 _ 1 tl 8(13’/3’[1,1
oP/0vy)  \1 to) \OP/Ous /)"
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The remaining partial derivatives are unchanged. Since ¢ # to, both coordinate systems therefore give the
same Jacobian ideal J and quotient R = S/J. With compatible normalizations, the toric volume forms
satisfy €, = (to — t1)2,. Consequently,

- A\ > -
w4 = Res ( o3 > , Y(wa) =wy = (ta — t1)w4.

Put M, = xox1w22324v102. By [VL24, Theorem 1.4], fY W4 ~— wp is a fixed nonzero multiple of c¢(AB),
where ¢(P) is determined by
PM, = ¢(P)Hess,(®) (mod Jy,(P)), P € 53,9

Here Hess, (®) is the toric Hessian [VL24, Definition 6.3] and Jy,(®) = (y 0®/0dy),. These are com-
puted in the coordinates y € {xq, x1, x2, 23, 24, V1, V2 }. Since M, is divisible by every coordinate, M,J C
Jo,u(®). Thus c descends to R 9, and its restriction to the class-a component is a scalar multiple of ¢ by
Lemma 4.5. On the other hand, for z,2’ € H*(X, Q)pim the projection formula gives [, 1(z) Utp(z) =
Jxxp1 ™ (xUz")Ucy (N), where A is the normal bundle of X x P! in Y. Since ¢; (') has degree —1 on the
fibres of m, this is —(z, 2’). Hence & exists, and it is nonzero because the intersection form is nondegenerate

on Hll)’rlim. The last assertion holds because H* pairs nondegenerately with H*? and trivially with H!. O

We now collect these computations. For ¢ € C we write

o= (¢ 6)

for the Gram matrix of a pair of isotropic vectors with product c. With this notation, the intersection form in
the basis of Table 1 is as follows.

Theorem 4.7. Order the basis of Table 1 by the ten partner pairs, namely (w1, ws), (w2, ws) and (w3, ws),
followed by the pairs (w2j41,waj12) with3 < j < 9. Then the Gram matrix of the intersection form is block
diagonal, equal to

kIH(=2) @ H2r3(1 — 7)) @ H2r* (1 + 1))
SH(r(r+1)) @ H(—r?) @ H(1)
& HOA(r = 172(r+ 1) @ H((r = 1°(r + 1)),
where k is the constant of Proposition 4.6 and the Gram matrix of the polarization Q) is its negative. A
common rescaling w; k1/2w; removes the factor k. In the monomial basis of the two-dimensional
pieces, the pairing (Hl’1 ﬂH(575)) X (HL1 ﬂH(l,l)) — C is given by

r(r+1) —r2(r+1)
(<WA7 wB>)AE{x(7)u1, zoz3us }, Be{xgxlasgul, acgcmxguz} =k < —?”3 7“3 .

Proof. Hodge types and G-invariance leave only the partner pairs of Table 1 and, inside H s 5) X H(q 1), the
2 x 2 block above. The first block follows from Remark 4.12. All remaining entries follow from Proposi-
tion 4.6 and Lemma 4.5. For instance A7 Ag = xéxlxg mou% and A13A14 = A15A16 = xéxlxg mgu%. For
the adapted basis one computes p(AzA4) = 2(r — 1)vy = 2r3(1 — 1), p(A3As5) = 2rvg = 2r%(1 + r) and
¢(A24s5) = p(A3A4) = 0. O

The partner index ¢* in the last column of Table 1 has a natural interpretation in terms of complex conju-
gation, and the basis is also well adapted to the Hermitian form A, as the following corollary shows.

Corollary 4.8. The Hermitian form h is diagonal in the basis w1, . . . ,wag, with h(w1,w1) > 0, h(ws, wg) >
0 and h(w;,w;) < 0 fori # 1,6. Complex conjugation maps Cw; onto Cw;=.
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Proof. Automorphisms of X preserve h, so eigenvectors for distinct characters of GG, or for distinct eigenval-
ues of the involution ¢*, are h-orthogonal, and the Hodge decomposition is h-orthogonal. Inside H'** NH, (5,5)
and HY! NH (1,1) the eigenspaces of .* are lines by Proposition 4.9. Conjugation maps Hy, onto H_, H4
onto H?? and preserves the eigenspaces of +*. The signs are the Hodge—Riemann relations. O

Finally, we use the action of G to decompose the rational primitive cohomology into pieces defined over
Q. The eigenvalues of G on L ® C are sixth roots of unity, and complex conjugation, which generates the

Galois group of Q((s) over Q, maps the eigenspace Hy, onto H_j, because (] = (;”. Since the action of
G is defined over Q, each eigenspace H, is defined over Q((s). Hence each sum Hy & H_y, is defined over
Q, and the isotypic components of the representation of G on L ® Q are the intersections of these sums with
L ® Q, since every character of Table 1 has order six, k # —k, and the pairs {k, —k} are the partner pairs
of Table 1. We obtain an orthogonal decomposition

LeQ=VieVhde- - &V, )

where V1 ® C = H 5 5 ® H(1,1) = (w1, - .., ws) has Hodge numbers (1,4, 1) and V; ® C = (w243, w2;+4)
is of type (1,1) for j = 2,...,8. The pieces V5, ..., Vg are Q-irreducible.

The piece V; is not of type (1, 1), but it can be refined by means of the involution ¢, which does not belong
to G. The following proposition describes the action of ¢ on the basis of Table 1. In particular, it explains the
choice of the elements Ao, ..., As in the two three-dimensional eigenspaces.

Proposition 4.9. Extend v to S by 1*uy = v 'uy and 1*uy = ruy, so that 1*® = ®. Then * acts by —1

on wy, wWa, wy, wg and by +1 on ws, ws, and it permutes the lines Cwy, . .., Cwoq as indicated in Table 1. In
particular v preserves Vi and Vo and exchanges Vs <+ Vy, Vs <> Vi and Vg <+ V3.

Proof. Since .*® = &, we have t*wy = det(t) w,» 4, as in (4). The seven variables split into x(, which ¢
fixes, and three pairs of variables which ¢+ exchanges up to scalars with product 1, so det(¢) = (—1)3 = —1.
In R one has t*A1 = Ay, 1Ay = Ao, 1¥A3 = — A3, 1"Ay = Ay, 1" A5 = —As and 1" Ag = Ag, using
the relations zomoly € J and zomaly € J: for instance t*(xfu1) = r~Lxgmous = —xfu1, and 1*Ag =
r=3z3x1wo miuj = Ag, because the class-(3,1,1,0,0) part of Ry 1) is 2%(Ag) (1 2) and o(miu3) = —r?
by Lemma 4.5. The permutation of the remaining lines follows from v71¢ = 72, which gives " Hy, 1,) =

H(kz,kl)‘

By Proposition 4.9, the involution ¢* preserves V and acts on it with eigenvalues +1. Its two eigenspaces
separate the classes ws, ws, which are of type (1, 1), from the part of V; containing H?°(X) and H*?(X).
We fix notation for them, which will be used throughout the rest of the paper.

Notation 4.10. Let V™ and V;*'% be the eigenspaces of .* on V; for the eigenvalues —1 and +1, so that
Vi ® C = (w1, ws, ws, ws) has Hodge numbers (1,2, 1), and V'8 @ C = (ws, ws) is of type (1,1).
We now let r vary and study the infinitesimal variation of the Hodge structure of the family { X, }. The fol-

lowing lemma shows that the period map of this family is an immersion. This will be used in Corollary 4.13
to show that, for very general r, the Hodge structure of X, has no extra algebraic classes.

Lemma 4.11. Let V be the Gauss—Manin connection of the family {X,}. Then V, Jdr W1 = %wg modulo
F2H2(X,, C). In particular the period map r — [H>°(X,.)] is an immersion.

Proof. Since the isomorphism ¢ = j; o ©* of Theorem 4.1 is defined topologically, it commutes with V,
and by Griffiths transversality the image of Vy/4,w1 In H! is the class of the (1,1)-part of the residue
of L(20Q/®?) = —2200,2Q/®? [Gri69, CG8O], that is, —2wy,a,6, Where 9, & = ui(mg — 2rma).
Since zou f € J and xouims = xgz3 - z3u1 € J, we get r2xomeu; = rromoul + romiug in R, hence
20 0p® = —% (ra:gul + 2x0x§u1) = —%Ag, which is nonzero in Ry 1. O
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Remark 4.12. Tt follows that the constants of Proposition 4.6 satisfy ' = —%/{. Indeed, the same argument
from Lemma 4.11 allows us to conclude Vg/4,w1 = (2/r)wz (mod F?) and V/q.ws = 6r%(1 — 7)ws
(mod F'). Differentiating (w1,w,) = 0, flatness of the intersection form and Hodge types yield

2
0= ;<w27w4> + 67%(1 — 7) (w1, we)
= 7r2(1 — r) (4K + 6K),
where the last equality follows from Proposition 4.6 and Lemma 4.5. Since r # 0, 1, the relation follows.

We can now bound the Picard number of X,.. The rational pieces Vf‘lg7 Vo, ..., Vg consist of algebraic
classes, so the transcendental part of the cohomology of X, is contained in V{*. Combined with Lemma4.11,
this determines the Picard number of X, for very general r, a notion that will be used throughout Section 5.

Corollary 4.13. Let T'(X,) be the transcendental lattice of X,, the orthogonal complement of NS(X,) in
A =H%(X,Z), and let V" and Vlalg be as in Notation 4.10. Then the following holds.

(1) NS(X,)q 2 QK @ Vf‘lg ®Vo® - @ V. Hence p(X,) > 17 and T(X,)q C V™

(2) 71 makes Vi a Q((g)-vector space of dimension 2 and T(X,)q a subspace. In particular, p(X,) €
{17,19}.

(3) For r outside a countable subset of C* ~\. {£1} one has p(X,) = 17 and Endngg(T(X,)q) = Q((e)-
We say that r, or X, is very general if these two conditions hold.

Proof. Put T, = T(X,)q and F' = Q((s). By the Lefschetz (1,1)-theorem, the rational spaces Vflg,
Va, ..., Vg consist of algebraic classes. Together with QK they form a 17-dimensional subspace whose
orthogonal complement is V;*. Thus p(X,) > 17 and 7, C V;. The minimal polynomial #> — ¢ + 1 of
71 makes Vfr an F-vector space of dimension two. Since 7; preserves both NS(X,) and the intersection
form, T, is an F'-subspace. It is nonzero because 7T, ® C contains H270(X,,), so dimq T, € {2,4}. As
bo(X,) = 21, this gives p(X,) € {17,19}. The Hodge structure 7T, is simple, since h>°(T}.) = 1 and it has
no nonzero rational classes of type (1, 1). Hence, by [Zar83], E = Endnqg (7)) is a number field containing
F, and

dimq 7, = [E : Q] dimg 7).

We now work on the universal cover of the parameter space. There we can choose 6 = r'/¢ holomorphically,
so ¢ defines an automorphism of the pulled-back family. The actions of G and ¢ commute with parallel
transport, and we may therefore identify V| with a fixed rational vector space, with a fixed F-action. If
p(X,) = 19, then T, is an F-line in V. The line H%°(X,.) lies in the (; '-eigenspace, since it has character
(5,5), and hence equals that eigenspace. Thus this F-line determines the period. If instead p(X,) = 17 and
E # F,then T, = V', [E : Q] = 4, and dimg T;. = 1. Consequently,

VWeoqC= @ Vo, dimcV,=1,
0:E—C

where o runs over the four embeddings of F into C and V; is the line on which E acts through o. Since
E preserves H2Y(X,.), this is one of these four eigenlines. In either exceptional case, the period therefore
belongs to a fixed countable set of lines. Indeed, there are countably many F-lines in V;" and countably
many quartic subfields of Endq(V{"): by the primitive element theorem, each such field is generated by
one rational endomorphism. By Lemma 4.11 the period map is an immersion, so the inverse image of each
fixed line is discrete and hence countable. The union of these inverse images, and its image in the original
parameter space, is countable. Outside this set, p(X,) = 17 and Endpge(7,) = F, as required. O



AUTOMORPHISMS AND HODGE ISOMETRIES OF SURFACES WITH K2 = p, = 1 24

5. HODGE ISOMETRIES OF X,

In this section we compare the automorphism group of X, with the group Onqq (L) of Hodge isometries
of L, using the results of Section 4. To prove Theorem B, we construct many Hodge isometries of L which
are not induced by automorphisms, namely reflections in roots of the Néron—Severi lattice orthogonal to K.
For this, we first study the sublattices of L cut out by the rational decomposition (5). We introduce them in
the following notation, where we also recall some standard facts on discriminant forms of even lattices that
will be used to decide when isometries of these sublattices extend to L.

Notation 5.1. We keep the notation of Section 4. In particular, X = X, and L = K+ C H?(X, Z), with
intersection form (, ), and Aut(X,) = G x (¢), where G = (71, T2). We also keep the basis wy, . . . ,wa and
the eigenspaces Hj, of Theorem 4.4, the rational subspaces V1, ..., Vg of (5) and the subspaces Vfr, Vlang of
Notation 4.10. We define the following primitive sublattices of L:

To=LNVY,  No=TgnL, — My=LNVM,  L;=LNV; (2<j<8).

For a nondegenerate even lattice M, we write M * for its dual, Ay, = M* /M for its discriminant group, gas
for its discriminant form and O (M )? for the kernel of O(M) — O(qas). For a prime p, we say that Ay is
p-elementary if p Apy = 0. If R and R’ are primitive sublattices of M which are orthogonal complements
of each other, the finite group M /(R @& R') is called the glue group. Finally, we write Ao(m) for the lattice
with Gram matrix m ( % 5'),and Dy = {z € Z*: Y~ 2, =0 (mod 2)}.

Since Tp ® Q = V{* has dimension four and Hodge numbers (1,2,1), the lattice Ty has rank 4 and
signature (2,2) by the Hodge-Riemann relations. Thus Ny has rank 16 and is negative definite, while
My, Lo, . .., Lg are pairwise orthogonal even sublattices of Ny of rank 2. For very general r in the sense of
Corollary 4.13, these lattices satisfy Ty = T'(X,.) and Ny = NS(X,) N K*.

We also recall the following standard facts on discriminant forms. With R, R’ C M as above, the orthog-
onal projections to R* and R’* induce injections of the glue group M /(R & R') into Ap and Ag. When M
is unimodular, both injections are isomorphisms, and the image of the glue group in Ar @ Ap is the graph
of an isomorphism

v: Ar — Ar, qr ©Y = —qR-
Moreover, a pair of isometries (g, g') € O(R) x O(R’) extends to an isometry of M if and only if y o g =
g’ o, where g and g’ denote the induced automorphisms of the discriminant groups [Nik80, Corollary 1.5.2].
Finally, A, () = Z/mZ x Z/3mZ and Dy has discriminant 4.

Before comparing Aut(X,) with Onqg (L), we check that the natural map between them is injective, and
that it remains injective after passing to the quotient by 1. This is needed to compare the orders of these
groups in Theorem B.

Proposition 5.2. The action of Aut(X,) on L is faithful, and —idy, is not induced by an automorphism of
X,

Proof. We first consider an element 7773 € G, which acts on Hy, by (5" Fitnk2 1f it acts trivially on L, the
characters (1,1) and (1,2) in Table 1 give m +n = m + 2n = 0 (mod 6). It follows that m = n = 0
(mod 6), so the element is the identity. Suppose now that 7{"73" acts as —idz. Then mk; + nky = 3
(mod 6) for every character in Table 1. Using again (1,1) and (1, 2), we obtain n = 0 and m = 3 (mod 6).
But the character (2, 1) then gives 2m+n = 0 (mod 6), a contradiction. It remains to consider the elements
gt with g € GG. By Proposition 4.9, the involution ¢ maps Cwy onto Cwg, while g preserves every eigenline.
Thus gt also maps Cwy; onto Cws # Cuwr, so it acts neither trivially nor as —idy,. O

To prove Theorem B, we identify root lattices in /Ny and use their root reflections to construct Hodge
isometries of L. To this end, we rely on the following three lemmas. They are probably standard, but we
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include their proofs for completeness. The first one is used systematically in the study of automorphisms of
K3 surfaces and of hyper-Kéhler manifolds (see for instance [BC23]), and the other two are elementary in-
stances of the correspondence between lattices with a fixed-point-free isometry of order three and Hermitian
lattices over the Eisenstein integers (see for instance [CS99, Chapter 2, §2.6]).

Lemma 5.3. Let M be a unimodular lattice and o € O(M) of prime order p. Then Apo is p-elementary,
that is, p Apro = 0.

Proof. Lety € (M?)*. Since M is unimodular and M is primitive, the orthogonal projection M — (M7 )*

is surjective, so y is the projection of some z € M, thatis, y = % f;ol o'z. Hence py € M°. ]

Lemma 5.4. Let M be an even lattice of rank 2 with an isometry of order 3 without nonzero fixed vectors.
Then M ~ Ay(m) for a uniqgue m € Z ~. {0}.

Proof. The isometry allows us to regard M as a torsion free module of rank 1 over Z[(3]. Since this ring
is a principal ideal domain, the module is free, so we may identify M with Z[(3]. Let b denote the bilinear
form of M and write b(1,1) = 2m, with m € Z since M is even. Multiplication by (3 preserves b, so
b((3,¢3) = 2m. The relation 1 + (3 + (3 = 0 then gives b(1, (3) = —m. Thus the basis 1, (3 has the Gram
matrix of Az(m), as required. 0

Lemma 5.5. Let M be an even lattice of rank 4 with an isometry o of order 3 without nonzero fixed vectors.
Then disc M is a perfect square. If moreover M is negative definite and Ay is 2-elementary, then M ~
Dy(-1).

Proof. Let b denote the bilinear form of M. Put FF = Q((3) and O = Z[(3], and write Tr and N for
the trace and norm of F//Q. As in the preceding lemma, M is a free O-module of rank two. To compute
its discriminant, consider the Hermitian form H (z,y) = % Zi:o CFb(w, ¢by), which satisfies b = TroH.
Since Tr(AH (z,y)) = b(x, A\y) € Z for every A € O, the values of H lie in \/%73(9. Moreover, H(z,x) =
%b(a:, x) € Z, because M is even. Thus, in an O-basis, its matrix has the form

_ a B/vV-3
H-(_B/\/_—g 5 ), a,v€L, pBeO,

and 3det H = 3ary — N(B) € Z. The trace pairing (z,y) — Tr(zy) on O has determinant 3. Passing
to the associated Z-basis and taking the trace of H, we obtain disc M = 32N(det H) = (3det H)?,
which proves the first assertion. Assume now that M is negative definite and A, is 2-elementary. We
first show that disc M = 4. Since A has at most four generators, disc M = 2t with 0 < ¢ < 4, so
the first assertion gives disc M € {1,4,16}. As H is negative definite, d := 3det H > 0, and hence
d € {1,2,4}. Writing 8 = p + q(3, we have N(3) = p> — pq + ¢*> = (p + q)®> # 2 (mod 3). Together
with d = 3ay — N(f), this excludes d = 1 and d = 4. Thus d = 2 and disc M = 4. To identify M,
we first construct a sublattice isometric to Aa(—1). The minimum of the positive definite lattice M (—1) is
at most y4(disc M )1/ 4 — 2 where Yy = /2 is the Hermite constant [CS99, Chapter 1]. Since M is even,
there is e; € M with b(e1,e1) = —2. Put eg = oey. The relation 1 + o + o2 = 0 gives b(eq,e2) = 1, so
R =Ze +Zey ~ Ay(—1). Its discriminant is squarefree, hence R is primitive. The orthogonal complement
N = R N M is o-stable, so Lemma 5.4 gives N ~ Ay(—m) for some m > 1. Write k = [M : R® N].
The injection of the glue group into Apg gives k | 3, while 9m? = disc(R ® N) = k*disc M = 4k2%. Tt
follows that £ = 3 and m = 2. It remains to describe how R and IV are glued inside M. Choose a standard
basis fi, fo of N ~ Ay(—2). The classes of u = 261% and v = % generate Ap and the 3-torsion
subgroup Ay [3], respectively, both cyclic of order three. The glue group projects isomorphically onto each
of these groups, so it is generated by (@, v) or (u, —v). After replacing fi, fo by their negatives if necessary,
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we may therefore write

2e1 +ex+ f1+2f
3 .

M=(R&N)+Zh, h=u+v=

A direct computation shows that eq, ea, —h, fo — h have Gram matrix

-2 1 1 1
1 -2 0 O
1 0 -2 0
1 0 0 =2

This is the Gram matrix of Dy4(—1), and its determinant is 4 = disc M. Hence these vectors form a basis of
M, giving the required isometry. U

We now apply these lemmas to the action of G on L. The invariant lattices of the elements 72, 77 of order
three and 73, 75 of order two are root lattices contained in Ny, and the reflections in their roots will give the
Hodge isometries of Theorem B.

Lemma 5.6. The lattices L3 and Ly are isometric to Ay(—1), while the invariant lattices L' = LN(Vs®Ve)
and L2 = L0 (V5 ® Vi) are isometric to Dy(—1). In particular, Ny contains the pairwise orthogonal root
sublattices Ls, Ly, L7 and L™? , of type Ao LI Ag LI Dy LI Dy,

Proof. We first consider the isometry 72 of order 3 on L. By Table 1, the characters fixed by 77 are precisely
those with k; = 3, which occur only in V3. Thus its invariant lattice is L N V3 = L3. Since L is unimodular,
Lemma 5.3 shows that Ay, is 3-elementary. On the other hand, 73 acts on L3 as an isometry of order 3
without nonzero fixed vectors. As L3 is even and negative definite, Lemma 5.4 gives L3 ~ As(—ms3) for
some mg > 1. Its discriminant group is Z/mZs x Z/3mZs, which is 3-elementary only for m3 = 1. Hence
L3 ~ As(—1). The same argument, exchanging 71 and 7o, gives L4 ~ Aa(—1).

We now consider the involution 73, which acts on Hj, by (—1)*1. Its invariant lattice is L N (Vs @ Vg),
an even negative definite lattice of rank 4. By Lemma 5.3, its discriminant group is 2-elementary. Moreover,
71 restricts to an isometry of order 3 without nonzero fixed vectors, since k1 € {2,4} on V5 @ V5. We can
therefore apply Lemma 5.5 to obtain L7~ Dy(—1). The same argument for 73 gives L7 ~ Dy(-1).

Finally, the four lattices lie respectively in V3, Vy, Vs & Vi and V; & Vg, which are pairwise orthogonal.
These subspaces are also orthogonal to V7, and hence to Ty C V3. Thus the four lattices are contained in Ng,
proving the last assertion. 0

We can now prove Theorem B. The reflections in the roots of the four lattices of Lemma 5.6 generate a
large group W of Hodge isometries of L, and we compare it with the image of Aut(X,.) in Opgg(L).

Proof of Theorem B. Let v € Ny be a root, so v2 = —2. The reflection s,(z) = = + (z,v)wv is an integral
isometry of L fixing Tj pointwise. Since v is orthogonal to Ty ® C 2 H??(X,.), the reflection s, fixes
H20(X,) pointwise. Being defined over Q, it also fixes H*?(X,.) = H*?(X,.) pointwise. As an isometry, it
therefore preserves H'! (X, ) prim = (H*(X,) & HO’Q(XT))L. Thus s, € Onag(L). Let W C Opqg(L) be
the group generated by the reflections in the roots of the four lattices of Lemma 5.6. Since these lattices are
pairwise orthogonal, W acts on their sum as the product of their Weyl groups and trivially on its orthogonal
complement, SO
W~ W(A2)? x W(Dy)?, W| = 6%-192% = 1327 104.

Moreover, W acts trivially on their orthogonal complement in L ® Q, namely V; & V5. The four lattices con-
sist of classes of type (1, 1), so they lie in NS(X,.) by the Lefschetz (1, 1) theorem, and they are orthogonal
to K. This proves the first assertion. By Proposition 5.2, we identify A = Aut(X,) = G x (¢) with its image
in Onqg(L). Recall that |A| = 72. The group G preserves each of the four root lattices, while « exchanges
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L3 with Ly and L™ with L™ . Since conjugation carries s, to S4(,) for a € A, the group A normalizes W.

We claim that AN W = {1, 7'13723}. Indeed, an element of the form g¢, with g € GG, exchanges L3 and Ly,
whereas every element of W preserves each of them. Thus ANW C G. If 7"y’ € W, its actionon V; @ V>
is trivial. The characters of these two spaces give

m+n=m-n=0 (mod 6),

hence (m,n) = (0,0) or (3,3) modulo 6. Conversely, Table 1 shows that 7373 acts as —id on both Dy(—1)
lattices and as the identity on their orthogonal complement. Since —id € W (Dj), it belongs to 1¥. Therefore
W A is a subgroup of Opgg (L) of order

(W1IA]

WA= —1L
WA W N A

=36 |W| = 47775 744.

In particular,
w
[Onag(L) : A] > [WA: A] = ’2’ = 663 552.

Finally, —7§ acts as —id on L% and as the identity on its orthogonal complement, so —75 € W and hence
—idy € WA. The image of WA in Onqg(L)/{£1} therefore has order 18 |I¥|. By Proposition 5.2, the
image A of A in this quotient still has order 72. Consequently,

Bjw| _ [W]

[Onag(L)/{£1} : 4] > - 4 = 331776,

The result follows. O

We now compare the actions of Aut(X,) and Opgqg (L) on the transcendental lattice. For very general
in the sense of Corollary 4.13, this lattice is Ty = 7'(X,), while Ny is the orthogonal complement of the
canonical class in NS(X,.). The following proposition determines the Hodge isometries of Tj, and the image
and the kernel of the restriction map from Aut(X,).

Proposition 5.7. Let r be very general. Then the group of Hodge isometries of Ty is Ongg(T0) = te =
(T1|1y). Moreover, the restriction map w: Aut(X,) — Onqg(To) is surjective, and its kernel is the dicyclic
group Dicyo of order 12 generated by § = 7'17'2_1 and j = T, with j2 = §3 and joj~! = 5L

Proof. The Hodge structure 7' = Ty ® Q is irreducible and E' = Endnqg (1) = Q((s) by assumption. A
Hodge isometry g of Ty lies in E*, and it preserves the positive definite real plane (H*° @ H%?) N TR and
its orthogonal complement, so Onq,(7p) is contained in a compact group. Being discrete, it is finite. A finite
order element of Q({s)* is a sixth root of unity, so Opag(Th) C 6, and 1|7, which acts on H2? by (5,
generates jig. In particular 7 is surjective.

On Ty ®C = (w1, w2, ws,ws) the element 7773 acts by (; * on the (5, 5)-part and by (§ on the (1, 1)-part,
where s = m + n. So it lies in ker 7 if and only if s = 0 (mod 6), which gives the cyclic group (§) of order
6. By Proposition 4.9, ¢ acts as —1 on Ty, so 7173 lies in ker 7 if and only if s = 3 (mod 6). This gives
six further elements, among them j. Finally t710 = 7 gives jdj ! = 6 ! and j2 = 775 = §°. O

To pass from Tj to L, we also need the action on NVg. Since L is unimodular and 7j and Ny are orthogonal
complements of each other, a Hodge isometry of L is determined by its restrictions to Ty and Ny, which must
induce compatible automorphisms of the discriminant groups, as recalled after Notation 5.1. This gives the
following description of Opgge(L).

Proposition 5.8. Let r be very general. Restriction to Ty gives an exact sequence

1 — O(Ng)* — Omag(L) — pe — 1.
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Identifying Aut(X,) with its image in Opag(L), we have Aut(X,) N O(No)* = ker 7 ~ Dicya, where T is
the restriction map to Ty. Moreover, |O(Np)?| > 6 |W| = 7962 624.

Proof. A Hodge isometry of L preserves LNH"! (X,) = Np, hence also its orthogonal complement T in L.
It therefore restricts to a pair (g7, gn) € Ondg(Z0) X O(Np). Since L is unimodular and Ty, Ny are primitive
orthogonal complements, the glue group L/(Ty & Ny) is the graph of an isomorphism v: A, — Ay,
satisfying gn, © v = —qr,. By Notation 5.1, a pair (g7, gn) of isometries extends to an isometry of L if
and only if v o gr = gy o . Since Ny is of type (1, 1), this extension preserves the Hodge decomposition
whenever g7 does. The restriction map Opqg (L) — Ondg(70) = w6 is surjective because 71 |7, generates
p16. Its kernel consists of the pairs (id, gx') satisfying g = id, and is therefore identified with O(Np)F. Its
intersection with Aut(X,) is precisely ker 7, which is isomorphic to Dic;2 by Proposition 5.7. Since Ny
is negative definite, O(Np)* is finite, and the exact sequence gives |Opag(L)| = 6 |O(Np)*|. The claimed
bound follows from Theorem B. g

For very general r, the preceding propositions show that the action on the transcendental lattice identifies
a quotient Z/6Z of Aut(X,) with Ong,(7p). The difference in Theorem B therefore comes from the action
on Ny: every isometry of Ny acting trivially on Ay, extends uniquely to a Hodge isometry of L fixing Tj
pointwise. Automorphisms of X, also preserve the ample cone. The natural continuation of Theorem B
is therefore the study of Hodge isometries preserving this cone. To formulate this question, recall that
A =7ZK @ L, so every g € Ongq(L) extends uniquely to an isometry g of A fixing K. Put

Ofrs(L) = {9 € Opag(L) : GAmp(X,)) = Amp(X,)}.

Since every automorphism of X, fixes K and preserves the ample cone, we have Aut(X,) C O, g(L). We
do not know whether this inclusion is an equality. Such an equality would give, for automorphisms of X, an
analogue of the strong Torelli theorem for K3 surfaces [BR75]. Catanese proved that the global period map
for surfaces with K2 = pg = 1is not injective [Cat80, Theorem 3.3]. This result concerns the determination
of a surface by its periods, and does not settle the question above for a fixed surface X,.. Our computations
with the Jacobian ring do not determine the ample cone. Describing this cone requires information about the
classes of irreducible curves of negative self-intersection and the integral structure of Ny. The latter is only
partially described by Lemma 5.6, which identifies the root sublattice Az(—1)%? @ Dy(—1)%2 C Ny.
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