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Theorem

Let XP0 be desingularization of the weighed hypersurface D given by F
homogenization of f = g(x) + P0(y), where g(x) = xm1

1 + · · ·+ xmnn , mi ≥ 2
and P0(y) is a polynomial of degree m.

1. For m1 = · · · = mn−1 = 2 and m ≥ 7, we have

dimSGHCn(XP0) ≤
{
m− 1 mn even,
0 mn odd.

2. For m1 = · · · = mn−2 = 2, mn−1 prime, (mn−1,mn) = 1 and
1

mn−1
+ 1

m
< 1

2
, we have SGHCn(XP0 ,Q) ∼= 0.

3. For mj different prime numbers, we have SGHCn(XP0 ,Q) ∼= 0
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Proposition

The following expressions are in Q(λ) :

0 6=6F

(
4

3
,−4

3
,

8

3
; 1− λ

)
(λ2 − λ+ 1)

− 2

3
F

(
4

3
,−1

3
,

8

3
; 1− λ

)
(λ+ 1) (5λ2 − 8λ+ 5),

0 6=4F

(
2

3
,−5

3
,

4

3
; 1− λ

)
(λ2 − λ+ 1)

− 1

3
F

(
2

3
,−2

3
,

4

3
; 1− λ

)
(λ+ 1) (8λ2 − 11λ+ 8)

+ F

(
2

3
,

1

3
,

4

3
; 1− λ

)
λ(1− λ)2,

but each hypergeometric function in the expressions above are not algebraic
over Q(λ).
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Consider f(x, y) = g(x) + P (y) where g = xm1
1 + · · ·+ xmnn and P (y)

polynomial with discriminant nonzero.

U ⊂ D := {F = 0} ⊂ P(1,v)

where F is the homogenization of f given by

F (x0, . . . , xn+1) = xd0f

(
x1

xv10

, . . . ,
xn+1

x
vn+1
0

)
,

with v = (v1, . . . , vn+1) and vj = d
mj

where d is the least common multiple

of m1, . . . ,mn+1.
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Consider f(x, y) = g(x) + P (y) where g = xm1
1 + · · ·+ xmnn and P (y)
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U ⊂ D ⊂ X.
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Hodge Cycles

Definition

Hodgen(X,Q)0 :=

{
δ ∈ Hn(U,Q)|

∫
δ
res
(
ωβ
fj

)
= 0, Aβ < j, 1 ≤ j ≤ n

2

}
{
δ ∈ Hn(U,Q)|

∫
δ
res
(
ωβ
fj

)
= 0, Aβ < j, 1 ≤ j ≤ n+ 1

} ,
with U ⊂ D ⊂ X, ωβ = xβdx := xβ11 . . . x

βn+1
n+1 dx1 ∧ · · · ∧ dxn+1 and

Aβ =
∑n+1
j=1

βj+1

mj
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Remark:

Hn+1
dR (Cn+1\U)

res→ Hn
dR(U) is an isomorphism.

res
(
ωβ
f

)
is a form η such that ωβ = df ∧ η.

ωβ
f j
 

ω

f

[
ωβ
f j

]
=

1

∆

[
βn+1Q1

j − 1

ωβ−(0,1)

f j−1
+

((
1− Aβ′

j − 1

)
Q2 +

Q′1
j − 1

)
ωβ
f j−1

]
where ∆ = Q1(y) ∂P

∂y
+ P (y)Q2(y).
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Integration over Join cycle

{δk}m−2
k=0 ⊂ H0({P (y) = 1}) basis of vanishing cycles.

{δ−1
α }α∈J ⊂ Hn−1({g(x) = −1}) basis of vanishing cycles.
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Integration over Join cycle

{δk}m−2
k=0 ⊂ H0({P (y) = 1}) basis of vanishing cycles.

{δ−1
α }α∈J ⊂ Hn−1({g(x) = −1}) basis of vanishing cycles.
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Figure: Vanishing cycles
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Figure: Join of vanishing cycles
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Join cycle

Definition

The cycle

δk ∗ δ−1
α = δ1 ∗t δ−1

α :=
⋃

s∈[0,1]

δ1ts × δ
−1
αts ∈ Hn(U,Z)

is called the join cycle of δk and δ−1
α along t.
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Theorem ( [Mov19], Section 7.9)

Hn(U,Z) is freely generated by

δk ∗ δ−1
α , k = 0, · · · ,m− 2, α ∈ J.

Where J = Im1 × · · · × Imn with Imj = {0, 1, 2, . . . ,mj − 2}.
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“

∫
δ1∗δ2

=

∫
δ1

∫
δ2

”
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Proposition ( [Mov19], Section 13.8)

If Aβ′ /∈ N, then

∫
δk∗tδ

−1
α

res

(
ωβ

P + g

)
=
qp({g = −1}, β′, δ−1

α )

ζγ+1
q − 1

∫
δk∗tδ

res

(
yβn+1zγdy ∧ dz

P − zq

)

δ = [ζq − 1] ∈ H0({zq = 1},Z).

Aβ′ :=

n∑
j=1

βj + 1

mj
=
γ + 1

q
.

p({g = −1}, β′, δ−1
α ) :=

∫
δ−1
α

res

(
xβ11 . . . xβnn dx1 ∧ · · · ∧ dxn

g

)
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Example

Consider f(x, y) = g(x) + P (y) where g = xm1
1 + · · ·+ xmnn and

P (y) := y(1− y)(λ− y).

∫
δ1∗tδ−1

α

res

(
ωβ
f2

)
=

(λ− 1)2Aβ′−3p({g = −1}, β′, δ−1
α )

λ2(ζγ+1
q − 1)

B(Aβ′ , Aβ′)×

[F (Aβ′ ,−(Aβ′ + βn+1), 2Aβ′ ; 1− λ)×
(3Aβ′ + βn+1 − 1) aλ+

F (Aβ′ ,−(Aβ′ + βn+1 − 1), 2Aβ′ ; 1− λ)×
((1−Aβ′)eλ + (1 + βn+1)bλ) +

F (Aβ′ ,−(Aβ′ + βn+1 − 2), 2Aβ′ ; 1− λ)βn+1cλ] .
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Example

p({g = −1}, β′, δ−1
α ) =

(−1)n∏n+1
j=1 mj

n+1∏
j=1

(
ζ

(αj+1)(βj+1)
mj − ζαj(βj+1)

mj

)
×

B

(
β1 + 1

m1
, . . . ,

βn + 1

mn
,
βn+1 + 1

mn+1

)
.
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Example

F (a, b, c; z) =
∞∑
n=0

(a)n(b)n
(c)nn!

zn,

where (a)n is the Pochhammer symbol defined by

(a)n := a(a+ 1) · · · (a+ n− 1).

E(a, b, c) : z(1− z)d
2u

dz2
+ {c− (a+ b+ 1)z}du

dz
− abu = 0.
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g(x) = xm1
1 + · · ·+ xmnn

T := {Pt = (t0, . . . , tm) ∈ Cm+1|tm = 1, ∆(Pt) 6= 0}

U := {(x, y, P ) ∈ Cn × C× T | g(x) + P (y) = 0}

The projection π : U −→ T is a locally trivial C∞ fibration.
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Generic Hodge cycles

Figure: Generic Hodge cycle.
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Definition

Fixed P0 ∈ T . δP0 ∈ Hn(UP0 ,Q) is called a generic Hodge cycle if δP is
Hodge cycle of XP , this means, δP ∈ Hodgen(XP ,Q)0 for all P ∈ T and δP
is monodromy of δP0 along to a path. We will denote this space by
GHCn(XP0 ,Q)0
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{δk}m−2
k=0 ⊂ H0({P0(y) = 1}) basis of vanishing cycles.

{δ−1
α }α∈J ⊂ Hn−1({g(x) = −1}) basis of vanishing cycles.

{δ0 ∗ δ−1
α , . . . , δm−2 ∗ δ−1

α }α∈J is a basis for Hn(U,Q)

δ =

m−2∑
k=0

δk with δk =
∑
α∈J

nkαδk ∗ δ−1
α ; nkα ∈ Q.

Where J = Im1 × · · · × Imn with Imj = {0, 1, 2, . . . ,mj − 2}.
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{δ−1
α }α∈J ⊂ Hn−1({g(x) = −1}) basis of vanishing cycles.

{δ0 ∗ δ−1
α , . . . , δm−2 ∗ δ−1

α }α∈J is a basis for Hn(U,Q)

δ =

m−2∑
k=0

δk with δk =
∑
α∈J

nkαδk ∗ δ−1
α ; nkα ∈ Q.

Where J = Im1 × · · · × Imn with Imj = {0, 1, 2, . . . ,mj − 2}.
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The condition of being Hodge cycle is given by∫
δ

res

(
ωβ
f j

)
= 0

∫
δ

res

(
ωβ
f j

)
=

1

ζγ+1
q − 1

m−2∑
k=0

(∑
α∈J

nkα

∫
δ−1
α

ωβ′

dg

)
×

∫
δk∗tδ̂

res

(
yβn+1zγdy ∧ dz

(P0 − zq)j

)
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Definition (Strong generic Hodge cycles)

Consider the Q-vector space

A : =

{
(nkα) ∈ Q|I|

∣∣∣∣∣∑
α∈J

nkα

∫
δ−1
α

ωβ′

dg
= 0, ∀β s.t. Aβ <

n

2
, k ∈ Im

}

The strong generic Hodge cycles is the image of A by the natural map

A −→ Hodgen(XP0 ,Q)0

(nkα) 7−→
[∑m−2

k=0

∑
α∈J nkαδk ∗ δ

−1
α

]
.

We denote this space as SGHCn(XP0 ,Q)0.
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nkα
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α

ωβ′

dg
= 0, ∀β s.t. Aβ <

n

2
, k ∈ Im

}

=

{
(nkα) ∈ Q|I|

∣∣∣∣∣∑
α∈J

nkα

n∏
j=1

ζ
αj(βj+1)
mj = 0, Aβ′ <

n

2
− 1

m
, k ∈ Im

}
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We don’t know if the natural map is injective.

SGHCn(XP0 ,Q)0 = GHCn(XP0 ,Q)0?

A ∼=

{
(nα) ∈ Q|J|

∣∣∣∣∣∑
α∈J

nα

n∏
j=1

ζ
αj(βj+1)
mj = 0, Aβ′ <

n

2
− 1

m

}m−1

,

and therefore δ =
∑m−2
k=0 δk is strong generic Hodge cycle if and only if

{δk}k=0,...,m−2 are strong generic Hodge cycle.
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Theorem

Let XP0 be desingularization of the weighed hypersurface D given by F
homogenization of f = g(x) + P0(y), where g(x) = xm1

1 + · · ·+ xmnn , mi ≥ 2
and P0(y) is a polynomial of degree m.

1. For m1 = · · · = mn−1 = 2 and m ≥ 7, we have

dimSGHCn(XP0) ≤
{
m− 1 mn even,
0 mn odd.
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Corollary

In the same context of the theorem with g(x) = x2
1 + x2

2 + · · ·+ x2
n−1 + xmnn

and P0(y) is a polynomial of degree 4. We have

dimSGHCn(XP0 ,Q) ≤


0 mn ≡ 1, 5, 7, 11 (12),
3 mn ≡ 2, 10 (12),
6 mn ≡ 3, 9 (12),
9 mn ≡ 4, 6, 8 (12),
15 mn ≡ 0 (12).
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Theorem

Let XP0 be desingularization of the weighed hypersurface D given by F
homogenization of f = g(x) + P0(y), where g(x) = xm1

1 + · · ·+ xmnn , mi ≥ 2
and P0(y) is a polynomial of degree m.

1. For m1 = · · · = mn−1 = 2 and m ≥ 7, we have

dimSGHCn(XP0) ≤
{
m− 1 mn even,
0 mn odd.

2. For m1 = · · · = mn−2 = 2, mn−1 prime, (mn−1,mn) = 1 and
1

mn−1
+ 1

m
< 1

2
, we have SGHCn(XP0 ,Q) ∼= 0.
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Corollary

In the same context of the theorem with
g(x) = x2

1 + x2
2 + · · ·+ x2

n−2 + xpn−1 + xdn, (p, d) = 1 and P0(y) is a
polynomial of degree 3. We have

dimSGHCn(XP0 ,Q) ≤
{

0 d ≡ 1, 5 (6)
4 d ≡ 2, 4 (6)

for p = 3.

dimSGHCn(XP0 ,Q) ≤
{

0 d odd
8 d even

for p = 5.
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Theorem

Let XP0 be desingularization of the weighed hypersurface D given by F
homogenization of f = g(x) + P0(y), where g(x) = xm1

1 + · · ·+ xmnn , mi ≥ 2
and P0(y) is a polynomial of degree m.

1. For m1 = · · · = mn−1 = 2 and m ≥ 7, we have

dimSGHCn(XP0) ≤
{
m− 1 mn even,
0 mn odd.

2. For m1 = · · · = mn−2 = 2, mn−1 prime, (mn−1,mn) = 1 and
1

mn−1
+ 1

m
< 1

2
, we have SGHCn(XP0 ,Q) ∼= 0.

3. For mj different prime numbers, we have SGHCn(XP0 ,Q) ∼= 0
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Algebraic values of the hypergeometric function

Proposition (Deligne’s [PDS82])

Let X be a smooth projective variety. If δ ∈ Hm(X;Q) is algebraic, then for
every ω ∈ Hm

dR(X/k):

1

(2πi)m/2

∫
δ

ω ∈ k,

where X/k denotes the variety over a field k ⊂ C.
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Proposition

Let X be desingularization of the weighed hypersurface D given by F
homogenization of f = g(x) + P (y), where g(x) = x2

1 + xd2 and
P (y) : y(1− y)(λ− y). Consider

ωβ
f

a good form with Aβ′ /∈ N.
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Proposition

Let X be desingularization of the weighed hypersurface D given by F
homogenization of f = g(x) + P (y), where g(x) = x2

1 + xd2 and
P (y) : y(1− y)(λ− y). Consider

ωβ
f

a good form with Aβ′ /∈ N.

δ0 =

d−2∑
j=0

n0jδ0 ∗ δ−1
j , δ1 =

d−2∑
j=0

n1jδ1 ∗ δ−1
j .
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Proposition

Let X be desingularization of the weighed hypersurface D given by F
homogenization of f = g(x) + P (y), where g(x) = x2

1 + xd2 and
P (y) : y(1− y)(λ− y). Consider

ωβ
f

a good form with Aβ′ /∈ N.

If δ0 and δ1 are generic Hodge cycle then it is satisfied that

d−2∑
j=0

nkjζ
j(β2+1)
d , k = 0, 1

is zero or

F

(
Aβ′ + β3, 1−Aβ′ , 2Aβ′ + β3;

1

λ

)
and F (Aβ′ , 1−Aβ′ − β3, 2Aβ′ ; 1− λ)

are in Q(λ).
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Idea of the proof:

1

2πi

∫
δ

res

(
ωβ
f

)
=

1

2πi

d−2∑
j=0

njζ
j(β2+1)
d B

(
1

2
,
β2 + 1

d

)
B(Aβ′ , Aβ′)F (a, b, c; z)

is algebraic over Q(λ).
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Now, as an application we will re-obtain results already showed by Schwarz
in [Sch73].

Corollary

The following expressions are in Q(λ)

F

(
5

6
,

1

6
− β3,

5

3
; 1− λ

)
, F

(
7

6
,
−1

6
− β3,

7

3
; 1− λ

)
,

F

(
5

6
+ β3,

1

6
,

5

3
+ β3;

1

λ

)
, F

(
7

6
+ β3,

−1

6
,

7

3
+ β3;

1

λ

)
,

with β3 = 0, 1,
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Conjecture

Let X a smooth projective variety. If δ ∈ Hm(X;Q) is a Hodge cycle, then
for every ω ∈ Hm

dR(X/k):

1

(2πi)m/2

∫
δ

ω ∈ k,

where X/k denotes the variety over a field k ⊂ C.
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Proposition

Let Xn be desingularization of the weighed hypersurface Dn given by Fn
homogenization of fn = gn(x) + P (y), where gn(x) = x2

1 + · · ·+ x2
n−1 + xdn

and P (y) : y(1− y)(λ− y). Consider
ωβ
fn

a good form with Aβ′ /∈ N. If

δ ∈ Hn(Xn,Q) is a strong generic Hodge cycle, we have

1

(2πi)n/2

∫
δ

res

(
ωβ
fn

)
∈ Q(λ),
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Proposition

In the same context of the previous proposition, consider
ωβ
f2n

a good form

such that
ωβ
fn

is a good form, and Aβ′ /∈ N. If δ ∈ Hn(Xn,Q) is a strong
generic Hodge cycle, we have

1

(2πi)n/2

∫
δ

res

(
ωβ
f2
n

)
∈ Q(λ),
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Proposition

The following expressions are in Q(λ) :

0 6=6F

(
4

3
,−4

3
,

8

3
; 1− λ

)
(λ2 − λ+ 1)

− 2

3
F

(
4

3
,−1

3
,

8

3
; 1− λ

)
(λ+ 1) (5λ2 − 8λ+ 5),

0 6=4F

(
2

3
,−5

3
,

4

3
; 1− λ

)
(λ2 − λ+ 1)

− 1

3
F

(
2

3
,−2

3
,

4

3
; 1− λ

)
(λ+ 1) (8λ2 − 11λ+ 8)

+ F

(
2

3
,

1

3
,

4

3
; 1− λ

)
λ(1− λ)2,

but each hypergeometric function in the expressions above are not algebraic
over Q(λ).
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