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Theorem

Let Xp, be desingularization of the weighed hypersurface D given by F
homogenization of f = g(z) + Po(y), where g(x) = x"* + -+ + z'™, m; > 2
and Py(y) is a polynomial of degree m.

@ Formi=---=mnp_1=2and m > "7, we have
. m—1 m, even,
dimSGHCy(Xp,) < { 0 e odd.

Formi=---=mn_2 =2, mp_1 prime, (Mn—1,myn) =1 and
1

i+ & < 3, we have SGHC(Xp,, Q) 0.
@ For m; different prime numbers, we have SGHC, (Xp,,Q) =0
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Proposition

The following expressions are in Q(N) :

4 48 5
F(=,-2,21— —A+1
0 #£6 (3, 335 A)(A A1)

2 4 1 8 2
_cfp(Z 2. 2.1 1 _
3 (3, 33 A) (A+1)(BA" = 8X+5),

2 54 )
0;£4F(§,f§,§,1 ,\)(,\ A+1)
1.(2 24 )
—§F<§,—§,§,1 A)(A+1)(8)\ 11\ + 8)

21 4 5
A==, =1 — 1—
+ <3,3,3, A) A1 =N)7,

but each hypergeometric function in the expressions above are not algebraic

over Q(A).
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Hodge cycles

Consider f(z,y) = g(z) + P(y) where g = 27" + --- + 2" and P(y)
polynomial with discriminant nonzero.
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Hodge cycles

Consider f(z,y) = g(z) + P(y) where g = 27" + --- + 2" and P(y)

polynomial with discriminant nonzero.

UcD:={F=0}cp®®

where F' is the homogenization of f given by

d L1 Tn+1
F($07~"7xn+1):$0f Tvpott ;;4,1 )
z x,
with v = (v1,...,vn41) and v; = % where d is the least common multiple
J
of mi,...,mn41.
UcDcX.
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Hodge Cycles

Definition

{56 Ha(U,Q)| f;res (j—f) 0,45 <j1<j< g}

Hodge,(X,Q)o := ,
{6 € Ha(U, Q) fyres (%) =045 <j 1 <j<n+1}

with U € D C X, wg = aPdzx := z* .. 5fﬁld$1 A« ANdxpy1 and
AB _ Zn+1 5J+1
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Hodge

Remark:
o HIFN(C\U) ™S Hix(U) is an isomorphism.
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Remark:
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Remark:
o HIFN(C\U) ™S Hix(U) is an isomorphism.

o res (%) is a form 7 such that wg = df A n.
wg w
7T

wg| 1 [Brny1Q1wWs—(0,1) Agr Q4 wg
{F}*K[ j—1  fi1 +<<1_j—1)Q2+j—1>fﬂ'*l]

where A = Ql(y)% + P(y)Q2(y).
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Integration over Join cycles

Integration over Join cycle

{61377 C Ho({P(y) = 1}) basis of vanishing cycles.
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Integration over Join cycles

Integration over Join cycle

{61377 C Ho({P(y) = 1}) basis of vanishing cycles.

{62 Yaes C Ho1({g(z) = —1}) basis of vanishing cycles.
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Integration over Join cycles

Figure: Join of vanishing cycles




\tion over Join cycles

Join cyc

Definition

Spx 0yt =010 05" = | 0w, x 0ar, € Ha(U,Z)
s€[0,1]

is called the join cycle of d; and ' along t.




\tion over Join cycles

Theorem ( [Mov19], Section 7.9)
H,(U,Z) is freely generated by

Sk*0a, k=0, ,m—2, a€.
Where J = Lny X -+ X I, with Im; ={0,1,2,...,m; —2}.




Integration over Join cycles

81 %82 81 42




If Agr ¢ N, then

- 151 Bn+1 Yd d
/ —_— ( (A.),B > — qp({g 1 }7ﬂ y Yo ) / res (Z/ z y/\ Z)
Spri6a" P+yg @ -1 Skt P —za
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Integration over Join cycles

Proposition ( [Mov19], Section 13.8)

If Agr ¢ N, then

- 151 Bn+1 Yd d
/ —_— ( (A.),B > — qp({g 1 }7ﬂ y Yo ) / res (Z/ z y/\ Z)
Spri6a" P+yg @ -1 Skt P —za

6 =[¢g —1] € Ho({z* =1}, Z).
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Integration over Join cycles

Proposition ( [Mov19], Section 13.8)

If Agr ¢ N, then

- 151 Bn+1 Yd d
/ —_— ( (A.),B > — qp({g 1 }7ﬂ y Yo ) / res (Z/ z y/\ Z)
Spri6a" P+yg @ -1 Skt P —za

6 =[¢g —1] € Ho({z* =1}, Z).

n

q

j=1 J
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Proposition ( [Mov19], Section 13.8)

If Agr ¢ N, then

-1 /o1 Br+1 57 d d
/ —_— ( wg ) — qp({g 1 }7ﬂ ' Yo ) / res (Z/ z y/\ Z)
Sweda’ Pty @ -1 Sxes P —za

6 =[¢g —1] € Ho({z* =1}, Z).

n

j=1 g

B1 Bn
0 e it .oahrdey Ao Aday,
p({g:_1}7/876a1):: ‘/71 T@S( 1 L >
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\tion over Join cycles

Consider f(z,y) = g(z) + P(y) where g = 27"t + -+ - + 2’ and
P(y) ==yl = y)(A —y).

ypergeometri



ion over Join cycles

Example

Consider f(z,y) = g(z) + P(y) where g = 7™ + --- + 27" and
Ply) =yl —y)(A - ).

A—1)* S3p({g = -1}, 8,051
foree () =2 =g Bt a0

IF (Apr, —(Apr + Brs), 24531 — A) X

(8Ag + Bnt1 — 1) ax+

F(Ap, —(Apr + Brt1 — 1),245;1 — A) X

(1= Ap)ex + (14 Bnr1)ba) +

F(Ag,—(Ap + Bny1 — 2),2A551 — X) Brtaca] -
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\tion over Join cycles

p({g = 71}aﬁ,56;1) H"H—l H ( (aj+l>(BJ+1) C%JJ(BJ+1)> x
Jj=1 g=l1

B(B1+1 Brn +1 Bn+1+1>.

) ) )
mi Mn Mn+1




\tion over Join cycles

o]

F(a,b,c;2) Z n'n 2",
n

where (a), is the Pochhammer symbol defined by

(a)ni=ala+1)---(a+n—1).




Integration over Join cycles

Example

o]

F(a,b,c;z) Z n' ,
n

where (a), is the Pochhammer symbol defined by
(a)ni=ala+1)---(a+n—1).

d*u du
E(a,b,c):z(l—z)d 7 Tlc—(a+b+1)2 }i—abuzo.
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ric Hodge

T:={P. = (to,...,tm) € C" t,, =1, A(P,) #0}




Strong generic Hodge cycles

g(@) ="+ +a,"
T:={P. = (to,...,tm) € C" t,, =1, A(P,) #0}

U:={(xz,y,P) e C" xC x T| g(z) + P(y) =0}

ypergeometric function
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Strong generic Hodge cycles

g(@) ="+ +a,"
T:={P. = (to,...,tm) € C" t,, =1, A(P,) #0}

U:={(xz,y,P) e C" xC x T| g(z) + P(y) =0}

The projection 7 : Y — T is a locally trivial C*° fibration.

ypergeometric function
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Generic Hodge cycles

Figure: Generic Hodge cycle.







Strong generic Hodge cycles

Definition

Fixed Py € T. dp, € Hn(Up,, Q) is called a generic Hodge cycle if dp is
Hodge cycle of Xp, this means, dp € Hodge,(Xp,Q)o for all P € T and dp
is monodromy of dp, along to a path. We will denote this space by
GHCn(XPo ) Q)O
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ric Hodge

{6k }7°07 € Ho({Ps(y) = 1}) basis of vanishing cycles.
Y




Strong generic Hodge cycles

{6k }7°07 € Ho({Ps(y) = 1}) basis of vanishing cycles.

{65 Yaes C Ho1({g(z) = —1}) basis of vanishing cycles.
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Strong generic Hodge cycles

{6k }7°07 € Ho({Ps(y) = 1}) basis of vanishing cycles.

{65 Yaes C Ho1({g(z) = —1}) basis of vanishing cycles.

{80 * St O % 6;1}0“51 is a basis for H, (U, Q)
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Strong generic Hodge cycles

{6k }7°07 € Ho({Ps(y) = 1}) basis of vanishing cycles.
{65 Yaes C Ho1({g(z) = —1}) basis of vanishing cycles.

{80 * St O % 6;1}0“51 is a basis for H, (U, Q)

5= 0" with 6" =Y nkadrx55"5  nka € Q.

k=0 acJ

Where J = I, X -+ X I, with I, = {0,1,2,...,m; —2}.

ypergeometric function
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ric Hodge

The condition of being Hodge cycle is given by

w
/Tes 7/3 =
s Vi




eneric Hodge cycles

The condition of being Hodge cycle is given by

fre () =

m—2
wp\ 1 wgr
fre(3) =g 2 (B )

k=0 \aeJ

Brn+1 .7
/ res (y z dy/\.dz)
S %10 (PO_Zq)]




Strong generic Hodge cycles

0 (Strong gener

Consider the Q-vector space

A:= {( Qm

Zna/ “”3’70 VB st Ag < 2 ke[}

acJ

The strong generic Hodge cycles is the image of A by the natural map

A — Hodgen(Xp,,Q)o
(Mha) = [0S0 Caes Mhadk %85 '] -

We denote this space as SGHC,(Xp,,Q)o-
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Strong generic Hodge cycles

Definition (Strong generic Hodge cycles)

Consider the Q-vector space

A= {(nka) e Q!

an”‘/, ZZ’ =0, V8 s.t. AB<Z,keIm}

acJ 60‘1

T e (Bi+1) _ n 1
anaHCWJjJ _O7A[3'<2_m7kejm}
aeJ j=1

The strong generic Hodge cycles is the image of A by the natural map

— {(nka) e Q!

A — Hodgen(Xp,,Q)o
(ka) > [Ty Cacs Mhaldi 8] -

We denote this space as SGHCy(Xp,,Q)o.
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ric Hodge

o We don’t know if the natural map is injective.




eric Hodge cyc

o We don’t know if the natural map is injective.

o SGHCn(XPO,Q)o = GHCn(XPO,Q)07




s generic Hodge cycles

o We don’t know if the natural map is injective.
o SGHCn(XPO, Q)o = GHCn(XPO, Q)07

A= {(na) e Q!

n m—1
aj(Bj+1) _ n 1
> na [J 6™ —07A5’<2—m} ,

acJ j=1
and therefore 6 = ZL=_02 §* is strong generic Hodge cycle if and only if

{6%}=0,....m—2 are strong generic Hodge cycle.

hypergeometric function



Strong generic Hodge cycles

Theorem

Let Xp, be desingularization of the weighed hypersurface D given by F
homogenization of f = g(z) + Po(y), where g(x) = 7"t + -+ -+ zp'™, m; > 2
and Po(y) is a polynomial of degree m.

@ Formi=---=mup_1=2and m > 7, we have

0 my odd.

dimSGHCy(Xp,) < { m—1 my, even,

Duque d scles and Gauss hypergeometric function



Corollary

In the same context of the theorem with g(x) = 23 + 23 4+ -+ x2_ + ™
and Py(y) is a polynomial of degree 4. We have

0 m,=1,5711(12),

3 mn, =210 (12),
dimSGHC,(Xp,,Q) < § 6 my =3,9 (12),

9  m,=4,6,8(12),

15 my, =0 (12).

Jorge Duque d rcles and s hypergeometric function



Strong generic Hodge cycles

Theorem

Let Xp, be desingularization of the weighed hypersurface D given by F'
homogenization of f = g(z) + Po(y), where g(x) = 7"t + -+ zp'™, m; > 2
and Po(y) is a polynomial of degree m.

@ Formi=---=mp_1=2and m > "7, we have

‘ m—1 m, even,
dlmSGHCn(XP()) S { 0 Mn odd.

@ Formi=-=mMp_2=2, Mmuy_1 prime, (Mnp—1,my,) =1 and
1

st L <1, we have SGHC(Xp,,Q) = 0.
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Corollary

In the same context of the theorem with

g(z) = R B B b+ z2, (p,d) =1 and Py(y) is a

polynomial of degree 3. We have

dimSGHCy(Xp,,Q) < {

0
4
dimSGHCn(Xp,, Q) < {

d=1,5(6) 3
d=24(6) TP~
0 d odd

8 d even 0 = 8

orge Duque

ycles and
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Strong generic Hodge cycles

Theorem

Let Xp, be desingularization of the weighed hypersurface D given by F
homogenization of f = g(z) + Po(y), where g(x) = x"* + -+ + z'™, m; > 2
and Py(y) is a polynomial of degree m.

@ Formi=---=mnp_1=2and m > "7, we have

) m—1 mp €ven,
dimSGHC,(Xp,) < { 0 m, odd.

Formi=---=mn_2 =2, mp_1 prime, (Mn—1,myn) =1 and
s + 5 < 3, we have SGHC(Xp,,Q) = 0.

@ For m; different prime numbers, we have SGHC, (Xp,,Q) =0

Duque Hodge
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Algebraic values of the hypergeometric function

Algebraic values of the hypergeometric function

Proposition (Deligne’s [PDS82])

Let X be a smooth projective variety. If 06 € Hp(X; Q) is algebraic, then for
every w € Hip(X/k):

el R
(2mi)m/2 /s '

where X /k denotes the variety over a field k C C.

hypergeometric function



Algebraic values of the hyp ometric function

Let X be desingularization of the weighed hypersurface D given by F
homogenization of f = g(z) + P(y), where g(x) = 23 + z and
P(y) : y(1 —y)(A —y). Consider WTB a good form with Agr ¢ N.

Jorge Duque dge cycles and Gauss hypergeometric function



Algebraic values of the hypergeometric function

Let X be desingularization of the weighed hypersurface D given by F

homogenization of f = g(z) + P(y), where g(x) = =7 + z3 and
P(y) : y(1 —y)(A —y). Consider wTB a good form with Ag ¢ N.

d—2 d—2

=1 il =1

8% = mojdox0; ", 61 =) nibix5; .
J=0 J=0

hypergeometric fu



Algebraic values of the hypergeometric function

Proposition

Let X be desingularization of the weighed hypersurface D given by F
homogenization of f = g(z) + P(y), where g(x) = =7 + x3 and

P(y) : y(1 —y)(A —y). Consider % a good form with Ag ¢ N.

If 6° and §' are generic Hodge cycle then it is satisfied that

d—2 )
anjggl<ﬁ2+1)7 k= O7 1
j=0

1S ZEro or

F (AB/ + B3, 1 — AB/,QAB/ + Bs; %) and F(Aﬁ/, 1— AB/ — ﬂg,QAﬁ/; 1— )\)

are in Q(N).

orge Duque Hodge cycles and Gauss hypergeometric function



gebraic values of the hypergeometric function

211

d—2
; 1 1
L [ res (w—’@) = LS n 0 (5, B%) B(Ag, Ag)F(a, b, c; 2)
=0

is algebraic over Q(\).

pergeometr



eometric function

Now, as an application we will re-obtain results already showed by Schwarz
in [Sch73].




etric function

Now, as an application we will re-obtain results already showed by Schwarz
in [Sch73].

Corollary

The following expressions are in Q(\
5 1 7
F( /837 7 > ( _/83,§71_)‘)7
5 -1 7
F(g +ﬁ37 7 +637)\> ( +537 6 73+B3a>\)

with Bs = 0,1,
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eometric function

Let X a smooth projective variety. If § € Hm(X;Q) is a Hodge cycle, then
for every w € HJp(X/k):

1 —
G )4 <

where X/k denotes the variety over a field k C C.




Algebraic values of the hypergeometric function

Let X, be desingularization of the weighed hypersurface D,, given by F,
homogenization of fn = gn(x) + P(y), where gn(z) =i+ -+ 22_| +
and P(y) : y(1 — y)(A —y). Consider % a good form with Ag ¢ N. If

0 € Hn(Xn,Q) is a strong generic Hodge cycle, we have

@ e (7) <2

scles and Gauss hypergeometric function

Duque



eometric function

Prop n

In the same context of the previous proposition, consider = f2 a good form

such that E is a good form, and Ag ¢ N. If § € Hp,(Xn, Q) is a strong
generic Hodge cycle, we have

W/(f) oM,




1etric function

Proposition

The following expressions are in Q(A) :

4 4 8 2
Fl=,—=,-;1— - 1
0 +#6 <37 oo A)(A A+1)
2 (4 18 2
§F<§, o A)()\+1)(5)\ 8\ +5),
2 54 2
1 2 2 4 2
—ZF (2 -2 Z:1— 1 —11
. (3, o A>(>\+ ) (8X A+38)
21 4' 2

but each hypergeometric function in the expressions above are not algebraic

over Q(A).
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@ Movasati, Hossein: A course in Hodge theory, 2019.
http://w3.impa.br/~hossein/myarticles/hodgetheory.pdf.

@ P. Deligne, J. S. Milne, Ogus and KY Shih: Hodge cycles, motives, and
Shimura varieties.
Lecture Notes in Mathematics, 900, 1982.

@ Schwarz, Hermann Amandus: Ueber diejenigen falle, in welchen die
gaussische hypergeometrische rethe eine algebraische function ihres
vierten elementes darstellt.

Journal fiir die reine und angewandte Mathematik, 75:292-335, 1873.
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