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1. Introduction

The present work is devoted to the study of hypersurfaces with hypergeometric peri-
ods. We focus on a particular class, Fermat varieties perturbed by P(y) = y(1—y)(A—y).
Periods (roughly speaking multiple integrals) are an essential part of Hodge theory that
have their deepest origins in elliptic and abelian integrals. We do not aim to verify
the Hodge conjecture in our examples, rather we would like to analyze transcendental
properties of integration over Hodge cycles.
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Deligne in 1982 explored periods of algebraic cycles. He proved that up to some
constant power of 2mv/—1, the periods of algebraic cycles are algebraic with respect to
the field of definition of the variety (see [4]). This would be also true for Hodge cycles if
the Hodge conjecture holds true. In fact, Deligne proved that this property is satisfied
by periods of Hodge cycles in classic Fermat varieties even though Hodge conjecture is
unknown in this case. With this, he obtained algebraic relations between the values of
the I'-function on rational points. This same idea was elaborated in 2006 by Reiter and
Movasati with the family

M;: f(z):=a3+ad+ +a2 -z —2y =1,

to obtain algebraic relations of values of the hypergeometric functions (see [9]). For
example, they proved that

i PGE1ER)
PG5 1= 50

The above is satisfied if ¢ is any root of the following equations
91125t* — 54000t% + 256, 81000t* — 48000t% — 1,

see [9] and the references therein.
In this paper, we elaborate these same ideas with the family

My: f(z)=2"+-+ap" +yly—1)(y—A) =0.

We compute its periods and use them to give some algebraic hypergeometric functions
(see equation (1)). This result is framed in Schwarz’ work. Schwarz in [12] was the first
to classify hypergeometric functions which are algebraic over C(z). A crucial idea was to
relate the hypergeometric equation with the monodromy group. In the famous Schwarz’
list, Schwarz determines explicit criteria for the parameters of the irreducible hypergeo-
metric equations such that the solutions are algebraic. In the same work, Schwarz also
obtained a similar but not so famous criterion in the case of reducible hypergeometric
equations (see also [6, §5]).

A more general question raised by Wolfart in [11, Problem 6] is to determine the

transcendence degree of the field extension of C(z) generated by the hypergeometric
functions F(a,b,c; z) where a, b, ¢ € Q with some fixed denominator. Or even better
to determine a complete list of algebraic dependence equations among these F'(a, b, ¢; 2)
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over the field C(z). Examples of such relations are Propositions 1 and 14, Schwarz’
list and Gauss’ relations between contiguous hypergeometric functions (see [14] and the
references therein). Up to the author’s knowledge, Wolfart’s problem remains open and
without significant progress.

Throughout the paper, n will be an even number. Let g(z) := 2" +- - -+, m; > 2,
and let P be a degree m = m, 41 polynomial with m > 2. Consider

f=g(x)+ P(y),

and let F' be its quasi-homogenization inside the weighted projective space P(1:*) where
vj = w for j =1,...,n+ 1. Let X be a desingularization of the weighted
hypersurface D := {F =0} C P(1.v), We are interested in Hodge cycles of X supported
in the affine part U := {f = 0}. For this, we consider a parametric family. Let

T:= {t = (to,...,tm) € cm™tit,, =1, A(P;) # 0 where P, := Ztiyl}
i=0

be the space of polynomials of degree m with nonzero discriminant, and let
U:={(z,y,t) € C" x CxT| fi(z,y) := g(x) + P(y) = 0}

be the family of affine varieties parameterized by T'. Thus, the projection 7 : U — T
is a locally trivial C*° fibration (see [8, §7.4] and the references therein). We denote by
Up := 7 1(t) = {fi = 0} € C"*! and X, be a desingularization of D, := {F;, = 0} C
P(1%) where F, is the quasi-homogenization of f;.

We say that a cycle &, € H,(U,,Q) is a generic Hodge cycle if all perturbations
0 of it in the family T are Hodge cycles (see Definition 3). This space is denoted by
GHod,, (X4, Q)o. We consider a subspace of the generic Hodge cycles space by imposing
certain conditions, which we call the space of strong generic Hodge cycles and we denote
it by SHod,,(X},,Q)o (see Definition 4). These cycles are supported in U and they do
not depend on the desingularization, because desingularization is done outside of U.
Essentially U is unaffected by the blow-up process.

Our main result is an upper bound for the dimension of the space of strong generic
Hodge cycles in certain cases.

Theorem 1. Let X be a desingularization of the weighted hypersurface D given by the
quasi-homogenization F of f = g(x) + P(y), where g(z) = " +---+ 2, m; > 2 and
P is a polynomial of degree m > 2.

i. Formi=---=myp_1=2andm>7

m—1 m, even,

; <
dim SHod,, (X,Q)o < {O My, odd.
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i. Formy = -+ =myu_o =2, my_1 prime, gcd(my,_1,m,) =1 and ml_1 + o
we have SHod,(X,Q)o = 0.
iii. Formj, j =1,...,n, different prime numbers, we have SHod,(X,Q)q = 0.

1
< 3

In fact, the proof of the previous theorem provides a method to calculate a set of
generators of SHod,, (X, Q) even if m < 7 in the first case and if + L > 1 for the
second case. Using this, we get:

Mn—1

Corollary 1. Let X be a desingularization of the weighted hypersurface D given by the
quasi-homogenization F of f = g(x) 4+ P(y), where g(x) = " +---+ 2, m; > 2 and
P is a polynomial of degree m.

i. Formi=---=mu_1=2andm=2,...,6

dim SHod, (X,Q)o < (m—1) | > ¢(d) |,

2<d< | 2y |

7n7’2
dlmy,

where @ is the Buler’s totient function. When m = 2 means that 2 < d < m,, and
d|m.,. Therefore for m = 2, dim SHod,,(X,Q)o < (m,, — 1).

it. Formy =---=myu_o =2, my_1 prime, gcd(my_1,m,) =1 and ml_l + % > %,
we have
dim SHod,,(X,Q)o < (m — 1)(my_1 — 1) > o(d) |,
2<d< | G|
d|lmy,

where ¢ is the Fuler’s totient function.

We obtain algebraic hypergeometric functions by a different method than that used
by Schwarz. For this, we restrict ourselves to the case Py(y) = y(1 —y)(A — y), and we
compute the periods on explicit strong generic Hodge cycles. For example, we get

515 717 S
F(2,2,251=)), F(= —, 21— ). 1
(676737 )7 (67 6 737 >\> EQ( ) ()

The above is somewhat exceptional given that periods are usually transcendental. Other
by-products of this work are examples of non-algebraic hypergeometric functions that
satisfy algebraic relations between them.
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Proposition 1. The following expressions are in Q(N\):

14 48 ) 2 (4 )
0¢6F(3, ! A)(A A+1) 3F<3, 53 )\> (A +1) (5A2—8A+5), (2)
2 24 2 21 4
2F | =, —=, =31 =X ) —-F - Al (A+1
o4 (-2 50-2) - 2r (25 g ) 0, ®

2 54
AF T=A](A2=X+1
07{ <37 3335 )( + )

1 2
—§F< , 3, = )\)()\+1)(8)\2—11>\+8)+ (4)
21 4 )
F(g»gvgv - ))‘(1_)‘>7
2 84
F(Z,—, ;1 =X) (A2 =x+1
2 5 4 )
—§F<§,—§,§,1—)\) A+ 1) (7TA% — 10X + 7)+ (5)

2 24
2F [ 2, =2 Z:1 =X ) M1 =)\
<3’ 373’ ) ( )

but each hypergeometric function in the expressions above is not algebraic over Q(\).
For a numerical verification of this proposition see §/.4.

We can find the algebraic functions of the expressions in Proposition 1 using hyper-
geometric theory via Gauss’ relations, see Remark 6. Proposition 1 suggests that the
Hodge cycles in Theorem 1 and Corollary 1 should be absolute in the sense of Deligne,
see [4, §2]. Moreover, the algebraic functions in Proposition 1 might be used in order to
construct the underlying algebraic cycles explicitly, see [10].

Similarly to Schwarz’ work, Beukers and Heckman classified the generalized hyperge-
ometric functions which are algebraic over C(z) in [3]. On the other hand, meantime this
article was being written, Movasati was able to obtain similar algebraicity properties of
periods which are gathered in [8, §16.9]. Apparently these periods must be related in
some way to the generalized hypergeometric functions described in [3], for instance via
a pull-back. For the classification scheme of pull-back transformations between Gauss
hypergeometric differential equations see [15].

Acknowledgments. I am deeply grateful to my advisor Hossein Movasati for his read-
ing, suggestions and several useful conversations. I thank Stefan Reiter and Michael
Dettweiler for hosting me at the University of Bayreuth and for providing such a stim-
ulating environment to work. Furthermore, I would like to thank Roberto Villaflor for
his helpful discussions, his comments and suggestions on the first version of this article.
Funding was provided by CNPq (Grant No. 140607/2017-0).
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2. Hodge cycles

Throughout the text we will use z,1 and y interchangeably. Let f(z,y) = g(x)+P(y)
be the polynomial given by g(x) = z"* +--- + 2’ and a polynomial P(y) of degree
m = Myy1 with non-zero discriminant. When we look at the usual compactification in
the projective space of U = {f = 0} is usually not smooth. Thus, we will consider the
compactification in the weighted projective space P(1:*) with v; = lcm(mlm—mm In this
case Steenbrink [13, §4] describes how to construct an explicit basis for tfle cohomology
of a given weighted hypersurface. This is just the generalization of the homogeneous
smooth case given by Griffiths in [5] We use this explicit basis to state our definition of
Hodge cycles.

Let M be a smooth projective variety and Y be a smooth hyperplane section of M.
Writing the long exact sequence of the pair (M, V), where V.= M\Y, and using the
Thom-Leray isomorphism we have

S Hy (Y, 2) S Hy(V,Z) S Hy(M,Z) 5 Hy (Y, Z) — -+,

where the map 7 is the intersection with Y. An element 6 € H,(V,Q) is called a cycle
at infinity if § € Ker(H,(V,Q) % H,(M,Q)). We denote

Ho(V, Q) = Ker(H,(V,Q) 5 H,(M,Q))
= Im(H,-1(Y,Z) N H,(V,Q)).

We denote the primitive homology (dual to the primitive cohomology, see [8, §5.7]) by
H,(M,Q)o := Ker(H,(M,Q) = H, _»(Y,Q)).

Thus, we have

Hn(V,Q)
Ker(H,(V,Q) % H,(M,Q))

_ H,(V.Q)
Ha(V. Q)

Hn(M7 Q)O =
(6)

On the other hand, the Hodge decomposition determines the Hodge filtration: 0 =
Frtl Cc F" C .-« C F' C F' = HJp(M) with F* = FFH} (M) := H™® + H* b1 +
<o HP"=F where HM"=% .= H*7=k (M), which allows us to define Hodge cycles. A
cycle § € H,(M,Q) is called a Hodge cycle if

/F%+1 =0.

)
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We denote by Hod,, (M, Q) the space of Hodge cycles in H,, (M, Q). Now, by [8, Propo-
sition 5.10] and equation (6) we have

{semv.Ql R =0}
{56 Hn(VaQ)|f5F(9 :0} 7

Il

Hod,, (M, Q)¢ := Hod,,(M,Q) N H,(M,Q)q

(7)

where Fé“ = Fkn H}p(M)o is the corresponding Hodge filtration of the primitive
cohomology. With this in mind, let us return to our case of interest. Let F' be the
quasi-homogenization of f given by

X X

d 1 n+1

F(mo,---,l’n+1):5€of V10t Upta )
Lo Zo

where d := lem(my, ..., mp41), v; = %, f(z,y) = g(z) + P(y) is the polynomial given
by g(z) = 2" + -+ - + 2" and P(y) is a polynomial of degree m = m,,11 with non-zero
discriminant. Thus F is quasi-homogeneous in P(1?) with v = (v1,...,Un41), and so it
defines a weighted hypersurface D. We have

U:={f=0}cD:={F=0}cP®,
Definition 1. Let X be a desingularization of the weighted hypersurface D given by the

quasi-homogenization F' of f = g(z) + P(y). We define the space of primitive Hodge
cycles as

{5€Hn(U7Q)|f5res %) =0,45<j,1<j< g}
{5€Hn(U,Q)|f5TeS (U;—f) =0,45 < 4,1 §j§n+1}7

Hod, (X, Q)o :=

with Ag = 3" (8; +1)% and

Jj=1

wg = 2Pdx = )t ~-~x§j_+11da:1 Ao ANdTpy.

If P(Lv) = P+l it follows by [13] that this definition coincides with the classical
definition of Hodge cycles (see equation (7)). For instance, if X is defined by f = ¢ +
cotad 4ol 41

3. Integration over joint cycles

In this section we explain how to calculate periods on cycles in affine varieties. For a
more detailed description, the reader is referred to [1,8].
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3.1. Multiple integrals for Fermat varieties

Let mq,ma,...,m, be integers bigger than one and consider the (n — 1)-th affine
Fermat variety

Ly := {xE(C”

g(z) = b} ccn,

where g = 27" + -+ + 2", and b # 0. We denote L := L;. Let

tjzo,zn:tj=1 ,

Jj=1

A= (ty, -, t,) €RT

2m/=T
be the standard (n — 1)-simplex and let (,,;, = e ™ be an mj-th primitive root of

unity. For o € J = I;,, X Ly, X -+ x Iy, with I, = {0,...,m — 2} and a € {0,1}",
consider

Aogta: Ar—1 — L

1 1
(t1,. . ytn) +— (t{"l (,‘flll"’al,...,t;{m ;fleJF“”) .
The formal sum

8y 1= Z(_l)Zz;l(l—ai)Aaﬂ

a

induces a non-zero element in H,,_1(L,Z). In fact

Proposition 2. The cycles {62} acs are a basis for the Z-module H,,_1(Ly,Z), with 6% =
(1)« (60) and &y : L — Ly is the biholomorphism given by

(ZS(I’l, e ,I’n) = (bl/mlxla e abl/mnxn)a
where bY/™i s a fived m;-th root of b.
Proof. See [8, §7.9, Remark 7.1] or [1, §2.9] O

The following proposition was first done by Deligne in [4, Proposition 7.13 | for the
classical Fermat variety with m; = --- = m,,. The general case is due to Movasati [8,
Proposition 15.1].

Proposition 3. Let g = =" + - + 2", then

B dp!
/res(x dx)—AB<ﬁl+l,...,Bn+1>a
g my My,

Aa+a
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where x = ((E/, y): de = dx//\dy = dwl/\' . '/\dmn/\dy: B = (ﬁlvﬁn+1) = (617 o 7ﬁnvﬁn+1)’
zf = xflx§2 coxbh =28 A s given by

n

A= (—1) ! Hmi Hc(ﬁ’ﬁl)(aﬁa])

J

j=1 j=1
and B(by,...,b,) is the multi parameter version of the beta function given by
') ---T(by
B(b17b27"'7bn) = ( 1) ( )

Dby + - +by)’

with T is the Gamma function. Therefore, for 6, € H,_1(L,Z) we have

! n 1"

/Tes z¥de’ T (clos o — o0 il Batly
g J 1m = m; m my ) ) M,

o -

Remark 1. Via the biholomorphic map ¢, the periods of L; are given by

B dz’ Bi+l 8 do!
/res TNy 1/T€8 R (8)
g E g

s2

3.2. Joint cycles

Let P(y) be a polynomial and let C be the set of its critical values with 0,1 ¢ C. This
implies that the variety

U:={(z,y) € C" x C|P(y) = —g(x)}

is smooth. Fix a regular value b € C \ (C UO0) of P. Let &1, € Ho(P~1(b),Z) and
Sop € Hp—1(—g~1(b),Z) be two vanishing cycles and t4, s € [0,1] be a path in C such
that it starts from a point in C, crosses b and ends in 0 (the only critical value of g), and
never crosses C' U0 except by the mentioned cases. We assume that §;;, vanishes along
t~! when s tends to 0 and do vanishes along ¢ when s tend to 1. The following object

01 %0y =0y #4 62:= | 0w, x Gar,
s€[0,1]

induces a cycle in H,(U,Z) and it is called the joint cycle of 61, and da along ¢.

The set {6;'}acs described in Proposition 2 is a basis of vanishing cycles for
H,_1({g = —1},Z). Take a basis {6;}7"";> of vanishing cycles for Ho({P = 1},7Z).
The joint cycles of these two bases satisfy
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Theorem 2. The Z-module H,,(U,Z) is freely generated by

Spxot, k=0,---,m—2, a€e.l

a )

Proof. See [8, Theorem 7.4] or [1, Theorem 2.9] for a proof in more general context. O

For ty € T'and t € T in a neighborhood of ¢y, the monodromy of 520 %05t € Hy(Uy,, Z)
is given by &¢ x 071 € H, (U, Z) where 4}, is the monodromy of §;° in the family

V:={(y,t) € C xT| P(y) =1}.

Now, we describe how to reduce a higher dimensional integral to a lower-dimensional
one.

Proposition 4. The integral over cycle 0y, x 6,1 is given by

({—g=1},8",621) Brt1 27 dynd

EEi=T ) o TES (%) Ag ¢ N

/ res <L> = ,
P(y) +g(z)

—g= 51 ~

Spkdat pU—g=1},53, ) gbAlﬁ}lﬁl o) fgk w Aﬁ/ eN

where = (', Bnt1), 6 = [(g] — [1] € Ho({z? =1}, Z), q and 7y are given by the equality
y+1_

Agr =31, ﬁqT'tl = 'YT'H, and p({z2 =1},7,6) = S 7 1, in the first case. In the second

case, 0 € Ho({P = 0}, Z) is the monodromy of 8, along the path t, and & is the function

such that do = P(y)?s' ~lyPr+1dy. In both cases

p({_g — 1},ﬁ,,§;1) = / res (xlggdx/) ’

6—1

where " = xf1x§2 co.xbroand da’ =dxy A A day,.
Proof. This is just a particular case of [8, Proposition 13.9]. O
As an illustration of the previous proposition we have
Proposition 5. Let f = g(x) + P(y) be a polynomial with g(x) = 27" + x5 + -+ 2™,
m; > 2 and P(y) = y(1 —y)(A —y), A > 1. Consider the cycles §y := [1] — [0],d1 =

[A]—[1] € Hy({P(y) =0}, Z) and ts the straight line connecting one of the critical values
of P(y) with 0. If Agr ¢ N, we have
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)\AB/—I =_1 / 6—1

/ res (wa> _ p({z+1 1,864 VB (A + Bir, Agr) -
f S -1

So*i05 " (9)

1
F (Aﬁ' + Bnt1,1 — Ap, 2Ap + Bugr; X) ;

[ e (2) LMD g = B

f S -1

S1#¢05 " (10)

F<A5/71 - AB/ _ﬁn+172Aﬁ’71 — )\)’

where F(a,b,c; z) is the hypergeometric function and

_ oty SO 841 oy (By4D)
p<{g_ 1}75 76(1 )_ Hn M H ij] / CmJ] !
J=1""7 =1
o ,...,—mn .

Proof. It is just an application of Propositions 3 and 4. Note that the integral
yﬂnJrlZ'Ydy Adz
res | ————
P —z4
O *0

is over a one-dimensional cycle in {P(y) = 27} and can be computed as a line integral
by projecting dj * § onto the y-coordinate. For example if £ = 0, we have

Br+17dy A d 1

Y < ay o P Br+1 ,7—at+lg
/ res < P — 2a ) / Yy z Y
So*0 So*0

/ ¥ P(y) T dy

(=

—_

»Q I

'y q+1

1
/sﬂ"“ (1-s)(1- )\)] ds
0

where C is the path induced by the projection of §p * § that connects the roots 0 and 1
of the polynomial P(y). A straightforward computation allows us to conclude the proof,

taking into account that

1

F(a,b,c;2) = /t“ I yeraml(1 — zt)~bdt,
.c—a)
0

for Re(c) > Re(a) >0. O
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3.8. Pole reduction

We have seen how to calculate integrals of the residue of differential forms with pole of
order one over joint cycles. Now we explain how to calculate the integrals of the residue
of differential forms with arbitrary pole order. For this, we reduce the pole order of the
differential form to order one and then we apply Proposition 4. This is also known as
Griffiths-Dwork method. We use an affine version of this method taken from [8, §10.11].

Let A be the discriminant of the polynomial P(y). We know there are polynomials

Q1(y), Q2(y) such that

A:ng—]y3+PQ2. (11)

Example 1. Our main case of interest is when P = y(1 — y)(\ — y). In this case we have
A = X%(1 — )\)2. The polynomials Q, Q2 satisfying equation (11) are given by

Q1(y) = axy® + bay +cn, Qa(y) = —3ary +en,
with

ax =2\ = A+1), by=—(2\ -\ =\ +2),
ex=A1=X)?% ex =4\ —3)\2 -3\ +4.

The following description of the differential form Adz will help us to reduce the pole
order of a differential form with a pole along {f = 0}.

Proposition 6. There is an n-differential form & such that

Adx = df NE+ fQqdx, (12)
with Q2(y) as above.
Proof. First remember that x = (2/,y) and dz = dz’ Ady = dxq A+ - - Adx, Ady. Consider

&€= Q1(y)dz' — Q2(y)n" A dy,

where 7/ := Z?:l(_l)i_1%@7 with d/\sc; i=dry ANdxg A - ANdzi_1 Adxgpi A+ Ndxy,

and Q1 Qs satisfy (11). O

From equality (12), it follows that there are n-differential forms &g such that

Awg = df N&g + fQawp,

namely &g = 27¢. Thus
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wg df/\nger wg 1 dfg fﬁ Q wg
8= fi 2 j—1<fj‘1d<fj‘1>)+fj—1'

Using that d(z/#'n/) = Ag .2’ dz’, we have

dég = '¥ <ﬂn+1yﬂ”+l‘1Q1(y) + gt %ﬁ) da' Ady — Ag Qo (y)ws

= Bnr1Qiws_(o1) + (Q) — ApQ2)wp,

n

where § = (f', Bn41), (0,1) € T and Ag =3, 5;n—tl Therefore, in H 7' (C"H\U)
we obtain the following formula that allows us to reduce the pole order:

wB | _ l [ 1 df,B + QQwﬂ
Floali=i\pT) T
1 [Bn QW—Q +(Q/7A/Q)w Q
A I T ((Ojl_)l)fjjl PP fjwf] (13)
_ l [ Brnr1Q1 Wa—(0r,1) B Ag Q) wg
TA| j-1 it + <<1 j'_—l)Q2+j—11> fj_l}.

With this, we can compute integrals of differential forms with pole of a higher order. For

example:

Proposition 7. In the same context of Proposition 5, we have

wg
res (—
/ f2>
50*t6;1

)\Aﬁ’*3p({g _ —1},ﬁ/,(551)
- (1— /\)2(<g+1 1) B(Ap + Ppy1 —1,Ap) x

(Agr 4 Bry1 — 1)2 1
F | Ag n 1,1—14 172A ’ n 1;—
[(2Aﬁ,+ﬁn+1—1)2 g T Prvr #5245 TP 153 ) X

(BAp + Brny1 — 1) ax+

AB/ +/BTL+171 1
—— 7 F | Ag 1— Az 2445 -
2Aﬁ’ +ﬁn+1 1 B +Bn+17 B B +Bn+1a 2\ X

((1 —Apgex+(1+ 5n+1)b,\)

1
+F (Ag/ + /BnJrl —-1,1— A51,2A5/ + ﬂnJrl —1; X) ﬂn+16)\:| .
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[ (%)
S1%¢05 "

_ (_1)AB/_1()‘ — 1)2Aﬁ/_3p({g = _1}7ﬁ/75a_1)
N (Gt -1)

[F(Apr, —(Apr + Bry1), 24551 = X) (BApr + By — 1) ax +
F(Ag, —(Ap + Bug1 —1),24551 = A) (1 — Agr)ex + (1 + Bug1)by)
+ F (Aﬁ'a _(A,B' + Bn-‘rl - 2)) 2A,3'1 1—- A) ﬁn—i—lcx\] )

B(A/g/, Aﬁ/)x

with ay, by, ¢x, ex as in Example 1, (a), is the Pochhammer symbol defined by
(@) i=ala+1)-(a+n—1),

and

(_1)n+Aﬁ/ n

m H (C(O‘JJFI (B;+1) _ CO‘J(BJJFI )

Jj=1

mi T ma

p({g=-1},5,6,") =

3.4. Pole increment

We start this section by giving a criterion for when a differential form in the affine
part actually comes from a differential form in the compactification.

Proposition 8. If Ag = k € N, the meromorphic form ‘;—f has pole of order one at infinity.
If Ag < k € N, the meromorphic form % has no pole at infinity.

Proof. See [13, Lemma 2] or [8, Proposition 11.4]. O

How to know if the meromorphic form ‘;—f, Ag > k comes from a form in the
compactification? For this, we increment the pole order and apply the previous propo-
sition. To increment the pole order we reproduce [8, Proposition 11.3]. Consider n :=

Z?:ll(—l)l 12 dm and 1z = 27n. Observe that dns = Agwg, thus

wg _ dng

[ Agfh
1 [ kdf A
-4 (gt ra(R))

Therefore in H ' (C"+1\U) we have
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ws k 1df Ang
[f’“} Aﬁ[ Jr ]

k. [fwﬁ+(h—f)wﬁ+d(f—h)/\’7ﬁ]

A fret
and thus
|:%:| _ Ap |:(h' f)wﬁ +d(f —h) A 775:| (14)
fk A/D’ —k fk+1

where h is the last weighted homogeneous piece of f and satisfies dh A ng = hwg. In our

case h = g(z) + y29FPW) = g ... 4 gl 4 ydea(PW) Tf P(y) = Z;n”“ c;jy’ with

Cm, ., 7 0 we have

YBl _ A,B Z;n:(;rl l(j - mn+1)cng+(0/7])
¥l mnsi(Ag — k) fh+1

Therefore, using the process of pole order increment, the meromorphic form % with
Ag > k can be written as a finite sum

ws | _ “gti
7] -Ta 7] &
with Ag; < j, k <7, pli = (Bij, .. .,Bn_H) and C; € C. Note that even when A

we can increment the pole order. We will stop the process of pole order 1ncrement the
first time Asz < j is satisfied.

7

Remark 2. For the polynomial P(y) = y(y — 1)(y — A\) the pole order increment looks
like

ws| _ _ Ag (1+ Nwst(0r,2) — 2Mws4(0,1)
fE] T 3(As — k) ka

Therefore, we can write the meromorphic form ‘}’—f with Ag > k as a finite sum

- ]

with k£ < j and it is the first time that Agy (o ;) < j. This means that Ag, (o ;) < J

and one step before reaching (16), the differential form % appears with j — 1 <

wWB4(0/ k;—2)

Apy(0r,k;—1) or the differential form —7=1— appears with j —1 < Agy(0rk;-2)-

Definition 2. A meromorphic form ‘})—f is called good form if Ag < korif k < Ag ¢ N
and the differential form written as in equation (15), satisfies Agy <
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Observe that a good form has no residue at infinity and hence it comes from an
element in H},(X).

Example 2. Consider f = g + P with g(z) = 22 + 2 and P(y) = y® + ay® + by + c. The

differential forms ng with 8 = (0, 32, 03), B2 = 2,5 and B3 = 0,1 are good forms. Let us

see it for By = 2, we can write

|:%:| _ Aﬁ [aw5+(0/72) — 2bw5+(0',1) — 30&)5

f 3(4p — 1) f? ’

where 0" = (0,0). If B3 = 0 then 1 < Ag, Ag4(0/,1), As+(0r,2) < 2 and the above equation
corresponds to equation (15). If 3 = 1, then 1 < Ag, Ag (1) < 2 and Agy(or2) > 2.

Therefore we apply again the pole order increment to the differential form % and
we obtain
|:w_5:| _ *(ZAB(Ag + 2/3) |:—aw5+(0/’4) — 2bw18+(0/’3) — 3cw5+(0/’2) n
1 9(As = 1)(Ap — 4/3)) f3

Aﬁ 72(.(}[6_;’_(0/71) — 3C(.Uﬁ
3(Ag —1) f? ’

with 2 < Aﬁ_;,_(o/J) < 3, ] = 273,4.
4. Families of varieties and Hodge cycles

In this section, we introduce the notion of generic Hodge cycles which describe those
Hodge cycles that remain Hodge when doing monodromy along any path in a family of
varieties. We find generic Hodge cycles that are “elementally” defined. As an application,
we find algebraic expressions involving hypergeometric functions.
4.1. Generic and strong generic Hodge cycles

Let X be a desingularization of the weighted hypersurface D given by the quasi-

homogenization F' of f = g(x) + P(y), where g(z) = "' + -+ + ', m; > 2, P(y) :
C — C is a polynomial of degree m = m, 41 > 2. Let

T:= {t = (to,. .. tm) € C™t,, =1, A(P) # 0 where P, := thyl}
i=0

be the space of polynomials of degree m with nonzero discriminant, and let
U:={(z,y,t) e C" xCxT| f(z,y) :== g(x) + Pr(y) = 0}

be the family of affine varieties parameterized by 7. Thus the projection 7 : Y — T
is a locally trivial C*° fibration (see [8, §7.4] and the references therein). We denote by
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Up := 7 1(t) = {fi = 0} € C"*! and X, be a desingularization of D, := {F; = 0} C
P(1%) where F, is the quasi-homogenization of f;.

Definition 3. Fix ¢y € T, we say that 0;, € H,(U,, Q) is a generic Hodge cycle if §;
is a Hodge cycle of X;, this means, §; € Hod,(X;, Q)¢ for all ¢ € T and ¢; is the
monodromy of d;, along a path on 7" that connects ¢y to t. We will denote this space by
GHod,, (X¢,,Q)o.

On the other hand, by Definition 1, equation (13) and Proposition 4, we have the
following subspace of GHod,, (X¢,, Q)o.

Definition 4. Consider the Q-vector space

2% dz’ n
A=< (nag) € QM Zna’k / res ( ; ) =0, V8 s.t. Ag < B

acJ

5ot (17)
n n 1
=1 (1ai) € QD Tma s [[ G+ =0, VB st Ag < o = — 5,
acJ Jj=1

where I = J X Iy, = Iy X -+ X L, X I, B = (B, Bns1), and Ag = Zn—i—l Bitl

j:l my

obtain the equality in (17) we use Proposition 3 and that

(oo <32

The space of strong generic Hodge cycles is the image of A under the natural map

A5 <5, B= (8 Busr)}-

A — Hod, (X4,,Q)o as)
(na,k) — { Irc”:_o2 Zaetl N, k0K * 5;1} .
We denote this space by SHod,, (X¢,, Q)0 C GHod, (X¢,,Q)o.
Remark 3. It is easy to see that
n 1 m—1
(8, n
A= {(na) e QI na [T *0 =0, 98 st A < 5 — } ,
acJ 7j=1

and therefore § = ZL:_()? 5% is a strong generic Hodge cycle if and only if {6¥} k=0, m—2

are strong generic Hodge cycles, with 6% = Y acy Mo kOk * ot

We already have the necessary ingredients to prove Theorem 1.
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Proof of Theorem 1. For the first part consider

My, m

My —2
" . L1 11
Ammm = {(nJ) € an_l E : n]défn—i_l) = Ov vﬁn s.t. B—+ < 5 - } .

Jj=0

Note that in this case, with g = 22 +---+22_; + 2™ we have A = Aﬁ;lm Thus, it is
enough to prove that

A ~ ) Q my, even,
TN 0 my, odd.

For this, consider

1 1
=<1< - — — | 1
S m { <e<m, (2 m) e|mn} (19)

My —2

and Q(n,)(z) = 227 njz’. For each (n;) € Ay, m and e € Sy, . it is satisfied that
Q(n;)(¢°) = 0 because = <  — --. This means for each (n;) € Ay, » We have

H (I)mn/e(x)

e€Sm,,,m

Q(n7)<x)a

~ mn_l_Nmn‘m

where @y, is kth cyclotomic polynomial. The above implies that A, m =
With N,om = D ecg. ¢ (™=) and ¢ is the Euler’s totient function, via the isomor-
phism

Am,,m — @[x]mn_Q_Nrnn,m

Qny(T)
() = o Em

On the other hand, note that for m > 7, we have that S, » = {1 <e < %2 : e|m,},
and using that Ee|mn o(my/e) = my, we get

N _Jmy,—2 my even,
My, m —
" m, —1 m, odd.

This allows us to conclude the proof in the first case.
The idea of the proof of the second case is similar in spirit to the first case. Consider

an—hmn’m

My —2

o— . n_l . .(ﬁn“’l) — 3 M j— l — 1

= {(n]) cQm™ ZO niGh” =0, VG, s.t. - <1 e
j=
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A _1mn,m
mn—1_2mn72
Z Z nZ]C;SAanl"Fl)C%Bn"Fl) — 07
i= 4 (ny) € QU= NIm= | icg =0 o ’
i +1 B, +1 1
VB, ) st Dot b L Patl L

Mp_1 My, m

Note that in this case, with g = 23+ - -+22_,+z) "' +2™", we have A = A 11 —
As ged(mp—1,my,) = 1 and m,_1 is a prime number, we have [Q(Cm, 1)Cmn,)
Q(Cm,)] = mn—1 — 1 and therefore the Q((nm,, )-vector space Q((m, ;> Cm, ) has basis

{1,Cm vy :nn:jllfz}. This implies that

Mp_1—2m, —2 my, —2
Z Z n”gnﬁn 1+1) 5 ﬁn+1) ) e Z n; Cj(ﬁnJrl =0 for each 0 < i < 1, _1—2.
7=0
Therefore

I

‘Amn717mn7m

{(TL”) c Q(mn,l—l)('rnn—l)

for every 0 <i<my,_1 —2

(n”);nno ’e B,y ms }

I

(B )mnfl_l
Mp—1,Mn,M .

1
m

From the above, it is enough to prove that By, , m., m
this, we proceed exactly the same as in the first case.
It remains for us to prove the third case. For this consider

n s . ,
Zna HngJ(B]+1) = O, VB/ s.t. A,ﬁ’ < 5 _ E }7

aeJ Jj=1

A(mj) = {(na) € Q‘J‘

where J = [[j_; In;, Im; = {0,1,. ;— 2} and Ag = > . Observe that

7 1 m
A= A(m ) It is sufficient to show that A(m y = 0. As my,...,m, are different prime
numbers, we have

QCmrs -+ Gmn) = Q¢1m,) and [Q({m,) : Q] = [J(m; —1).

Moreover note that if o # &, then []" =1 C AT =1 C . Therefore the Q-vector space
Q(Cmys -« 5 Cim,, ) has basis {H?:l %g} g This implies that
") aeg

ZnaHQ’lJ =0<=ny, =0 for every a € J,

acJ 7j=1

but the above is one of the conditions that satisfy the elements of A, ), with B =
0,...,0). O
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The proof of the third part of Theorem 1 allows us to deduce

Corollary 2. Let X be a desingularization of the weighted hypersurface D given by the
quasi-homogenization F of f = g(z) + P(y), where g(x) = z{"* +--- + 2" and P(y) =
y"tt 4+ 1. If my, j=1,...,n+ 1, are different prime numbers, then Hod,,(X,Q)o = 0.

Proof. Let us consider ¢ty = (1,0,...,0,1) € T. In this case fi, = 7" + -+ + 2" +
y™n»+1 + 1. In this particular case, we can rewrite equation (13) as

4]-l)

with C; € Q. If Ag € N and Ag < j, then C; = 0. The last equation up to a nonzero
constant is equal to [8, equation (11.13)]. With this and using Proposition 2 and 3, we
have in the definition of Hodge cycles (see Definition 1)

5€Hn(Uto,Q)’/?"eS (%) =0,45<j,1<j< g g"4(77%1)’
§

to

where
n+1 n
Agm,) = {(na) e Q! Ee;na H1 Gt = 0, VB st Ag < 74 ¢ N } :
o Jj=

with [ = H;Lill Iy Im; = {0,1,...,m; — 2} and Ag = Z?ill ﬁjm—t Similarly, as in
the third part of the proof above, we have A(,,,) = 0, when my,...,my; are different
prime numbers. In conclusion Hod, (Xy,,Q)o = 0, where Xy, is a desingularization of
the weighted hypersurface Dy, given by the quasi-homogenization Fy, of f;, and m;,

j=1,....,n+1 are different prime numbers. O

The proof of Theorem 1 provides a method to calculate the rank of A, ., and its
generators when m < 7 as well as provides a method to calculate the rank of B,,, | m, .m

and its generators when ml_l + % > % With this, we obtain Corollary 1.

Proof of Corollary 1. With the notations of the previous proof, we know that A =
Am—l and Amn,m = Qm”_l_Nm”’m with Nmn,m = EEGSM . ) (mn)7 where Sm,,“n

My, M e

is defined in (19). Observe that

Therefore
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dim(A) = (m—1) | > o (ZE)-1|=(m-1) > e ()

2<d< 2y
d|lmy,

where d = 7. This proves the first part. For the second part, we know from the proof
of Theorem 1 that A4 = ij?fnrﬁfrﬁrl) and B,y mym = QU T Nmas i with

Nm,n,l,mn,m = Z "2 (%), where

e€S7nn71 Moy, ,m

1 1
Smp_1mam =1 <e<my (11— ——); elmnp.
mp—1 m

With this, we proceed as in the first part. The second part is similar to the first part. O

4.2. Hodge numbers

With the notations from the previous sections, let us consider ¢ty = (1,0,...,0,1) € T.
In this case fi, = 7™ + - + 2" + 3™+ 4+ 1. The affine Fermat variety {f;, = 0} has
a sequence of numbers related to the Hodge numbers of the compact smooth underlying
variety X;,. Namely

homhnRtl g e I k—1< Ag < k.

hlgfl,nkarl _ hgfk+1,kfl

These numbers are symmetric, , since the set [ is invariant

under the transformation

f— m—=F—=2:=(m1—P1—2,...,Mpt1 — Bny1 — 2),

and therefore A,,_3_o = n + 1 — Ag. These numbers satisfy h?? = h{?, for p # g,
where hP¢ = dim HP9(X,,). In the remaining case h2'3 — hog’% depends on the desin-
gularization of Dy,. For more details see [8, §15.4] and the references therein. The Hodge
numbers do not change when the complex structure varies continuously. More precisely

Theorem 3. Let m : X — B be a family of complex manifolds (i.e. w is proper and
submersive) and assume that Xy is Kahler for some 0 € B. Then for b in a neighborhood
of 0 in B, the Hodge numbers of X are the same as the Hodge numbers of Xy.

Proof. See [16, Proposition 9.20]. O
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The above theorem implies that the numbers hg_l’n_kH are the same for every t € T

in the fibration 7 : Y — T, see also [7, §7] and the references therein.

Let X be a desingularization of the weighted hypersurface D given by the quasi
homogenization F of f = g(z)+ P(y), where g(z) = 2" + -4 an," +22 1 +22 o+
s a:fHJrkl and P(y) is a fixed polynomial of degree m. Here n = nj + k1. Observe that
ki < Ap and this implies that hg """ =0 = hf T for & < [ EL]. For example
ifg=af+ - 4+22_ +a™ org=2a3+ - +22_,+2,"7" + 2™, the sequence of

numbers is surface-like:

n n
g1 Fl

0,...,0,hg THE T ng
In other words, the Hodge structure of H™(X,Z) has level 2. Further, if hg’o, h(l)’1 are
the corresponding Hodge numbers for g» = 22 + 25" or go = 2" " + x3'" respectively,
we have h2* = b T"% " and hp! = b 2.

The variety induced by f = g(x) + P(y), where g = 22 +--- + 22 | + 2™ and
P(y) = y(1 — y)(A — y), will be used constantly in the next section. In the following
corollary, we calculate their Hodge numbers: h(?ﬂ’%_l, ho%_l’%—s_1 and hO%%

Corollary 3. Let X be a desingularization of the weighted hypersurface D given by the
quasi-homogenization F of f = g(x) + P(y), where g = 23 + -+ +x2_, + 2™ and P(y)
is a polynomial of degree 3. We have

Proof. First, note that it is enough to prove it for the case n = 2. Let us see one case,
the other is analogous.

ht =#{Belll1< Az <2}

1 1 1 3
:#{ﬁe.f’—<62+ +BS+ <—}
2 My, 3 2

:#{ﬁQGImn %<3(52+1)<3mn}+#{52€]}nn 0<3(52+1)<5Tg"}
My, 5my,
S A T

4.8. Strong generic Hodge cycles and hypergeometric function

In the rest of the document we will use d instead of m,,. The proof of Theorem 1
provides us with a method to find strong generic Hodge cycles explicitly in the cases
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described. In the 2-dimensional case, by Lefschetz (1,1) theorem each Hodge cycle is
algebraic. But the algebraic cycles satisfy

Proposition 9 (Deligne). Let X be a smooth projective variety. If 6 € Hp, (X, Q) is alge-
braic, then for every w € HjL(X/k):

1 —
W/Wek,

4

where X /k denotes the variety over a field k C C.
Proof. See [4, Proposition 1.5]. O

We can find algebraic expressions involving hypergeometric functions using Proposi-
tion 9 and the following fact

B (%,...,%, ﬁnd“) B(Ag +k, Ag)

T2

€qQ, (20)

where Ag = "T_l + % and k, 5, € N. Which is obtained using the properties of the
beta B and gamma I' functions.

In most of the following results, we will have the hypothesis that Ag ¢ N. This
assures that hypergeometric functions appear within the computations of the periods
(see Propositions 4, 5, 7). The following proposition allows us to partially re-obtain
Schwarz’ list in [12].

Proposition 10. Let X be a desingularization of the weighted hypersurface D given by the
quasi-homogenization F of f = g(z)+P(y), where g(z) = 22424 and P(y) = y(1—y)(A—

y). Consider WTB a good form with Ag: = % + % ¢ N and 8= (8,83) = (b1, B2, B3).-
Let

d—2 d—2
50 = an,O(SO * (Sj_l, 51 = an,lél * (5]_1
j=0 j=0
If 6° and 6! are generic Hodge cycles then either
d—2 4
STt k=01 (21)
j=0

is zero or

1
F (Aﬁ/ + 03,1 — A, 245 + Bs; X) and F (A5/7 1—Apg — B3,245;1 — )\)

are in Q(A).
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Proof. The fact that WTB is a good form means that res (%) € H3,(X/Q) (see Propo-
sition 8). Therefore by Lefschetz (1.1) theorem and Proposition 9 we have

ws

1 _
I res (7> e Q(N),
s

if 0 is a generic Hodge cycle. The above integral is computed in Proposition 5 and using
equation (20) one gets the result. O

In the context of Example 2, using Theorem 1 we can describe the strong generic
Hodge cycles. With this description, we observe that

51:n0(51*50_1+51*53_1+61*56_1)+n1(51*51_1+51>1<54_1+§1*57_1)

is a strong generic Hodge cycle such that equation (21) is nonzero. Therefore applying
the previous corollary to ¢! and the differential forms in Example 2, we obtain that the
hypergeometric functions in equation (1) are algebraic over Q(\).

The property in Proposition 9 would be also true for Hodge cycles if the Hodge
conjecture is true. Deligne has proved this property for Hodge cycles in the usual Fermat
variety, even though the Hodge conjecture is unknown. More explicitly

Proposition 11 (Deligne). Let X be a smooth projective variety defined by x%+- - -—|—:1c§l1+1.
If 6 € Hy,(X,Q) is a Hodge cycle, then for every w € HJ,(X/k):

1 %

)

where X/k denotes the variety over a field k C C.
Proof. See [4, Theorem 7.15] or [8, Theorem 16.1]. O

In the same direction of the previous proposition, we have the following result
Proposition 12. Let X,, be a desingularization of the weighted hypersurface D, given by
the quasi-homogenization F,, of f, = gn(x) + P(y), where g,(z) =22 +--- +22_, +2¢

and P(y) = y(1 —y)(A —y). Consider % a good form with Ag ¢ N. If 6 € H,(X,,Q)
is a strong generic Hodge cycle, we have

() <

1)
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Proof. The main idea of the proof is to use Lefschetz (1,1) theorem in the 2-dimensional
case and to construct the n-dimensional integral from the 2-dimensional integral. Con-
sider (ng;) € A, where A is defined in (17). This element induces the cycle

6" = "0 4 5t = anoao*(s +an151*5nj,

with 6;’;- € H,_1({gn = —1}), which in turn induces a strong generic Hodge cycle.
We know that 6" is a strong generic Hodge cycle if and only if 6™°,6™! are strong
generic Hodge cycles (see Remark 3). Now consider the differential form % with B =
(0, Bn, Bnt1). Observe that % = % for n = 2 and that § — 1 < Ag = AB + 5 — 1 for
each 8. An analysis similar to the proof of Proposition 15 allows us to deduce that if ?—B

is a good form then % is a good form. Now, by Proposition 5, up to multiplication by

a nonzero element of Q(\) we have

1 7 (Bn+1) 1 1 Bn"’l
- - O B2 2,
(2mi) 2 / (fn> (2mi)z an, 2 27 d %
6’!1.

(22)
1
B (Ag, Ag) F (Aﬁ’ + But1, 1 — Apr, 245 + Bu1; )\) :
On the other hand, up to multiplication by a nonzero element of Q(\)
1 “s 1 df @ | g (L Bt
omi ) "\ ) T omi | &0 2 d
520 Jj=0 (23)

1
B(Az.A5) F <AB, + Burts 1 — Ag, 245 + Busas X) .

Since 62° induces a strong generic Hodge cycle of Xy, by Lefschetz (1,1) theorem, §2°
is algebraic. By Proposition 9 we have that 2m f620 res ( f) € Q( ). If the integral in
(23) is zero, then equation (22) is zero. If it is not zero, then equation (20) allows us to
conclude that the hypergeometric function of equation (23) is algebraic over Q(\). As
Apg = A + 5 —1and % is a good form we have that the functions

1 1
F (Aﬁr + Brt1,1 — AB/,QA@/ + Brt1; X) , F (AB, + Brt1,1 — AB,,QAB, + Brt1; X)

are contiguous and irreducible. The hypergeometric function F(a,b,c) is called irre-
ducible if neither of a, b, ¢ — a, ¢ — b is an integer. Two hypergeometric functions
F(ay,b1,c1;2) and F(ag, ba, co; z) are contiguous if the difference of their parameters



246 J. Duque Franco / Journal of Number Theory 238 (2022) 221-252

ay — az, by — ba,c1 — ¢

are integer numbers. Now by classical theory of the hypergeometric function, the hyper-
geometric function in (22) is equal to a Q(A)-linear combination of the hypergeometric
functions in (23) and their derivatives (see [2, Theorem 1.1]). In conclusion, the hy-
pergeometric function in (22) is also algebraic over Q()). Now using equation (20) we
conclude that (22) is algebraic over Q()). The same reasoning is valid for the integral

—(27”)5 Jsni res ( 7, ) which allows us to conclude the result. O

The above argument does not work for a differential form with pole of order greater
than one. However, we can still get a similar result using the same ideas with an extra
hypothesis.

Proposition 13. Let X be a desingularization of the weighted hypersurface D given by
the quasi-homogenization F of f = g(z) + P(y), where g(z) = 2%+ +22_, +2¢ and
P(y) =y(1 —y)(A—y). Consider ff a good form such that TB is also a good form, and

Ag ¢ N. If 6 € H,(X,Q) is a strong generic Hodge cycle, we have

Proof. Consider (ny;) € A, this element induces the cycle
d—2 d—2
§=0"+6"= njoboxd; "+ myady 0,

with 6;1 € H,_1({g = —1}), which in turn induces a strong generic Hodge cycle. We
know that § is a strong generic Hodge cycle if and only if §°, 6! are strong generic Hodge
cycles (see Remark 3). By Proposition 5, up to multiplication by a nonzero element of
Q(\) we have

<27r1z‘>%‘ 5/ (U}B)

B(l o a
27 20
an’ J(Bn+1)

(24)

) B (Ag, Agr) 1
n F a, b7 Gx )
(2m)5 A

where a = Ag + Bpt1, b=1—Ag, c = 243 + Bpy1. The fact that ng is a good form
implies that F’ (a, b, c; %) is irreducible. An inductive argument allows us to prove, up to
multiplication by a nonzero element of Q()\) that
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d—2 1 1 Batl AL
(1) (B Bl ) ),
(2mi) 2 fk 2" d COE
§0 j= -

1
ZCJ()‘)F (ajabjacj; X) )
J

with F (aj,b;,¢;; §) contiguous to F (a,b,c; 1) and C;(A) € Q(X). The first inductive
step is for k = 2. In this case we use Proposition 7. For the general case we apply pole

order reduction (see (13)) and then the inductive hypothesis. Note that if the integral in
(24) is zero, then integral in (25) is zero. Now, suppose that §° is a strong generic Hodge
cycle and that the integral in (24) is nonzero. By Proposition 12 and equation (20) we
have that F (a b, c; }\) € Q()). Therefore F (aj,bj,cj, )\) are algebraic over Q(\) (see
[2, Theorem 1.1]). With this and using equation (20) we conclude that (25) is algebraic
over Q()). The same is valid for the cycle §'. O

Remark 4. Under the hypotheses of the previous proposition, the proof tells us that the
hypergeometric functions that appear in the integral W /. sres %) are algebraic.

In the 2-dimensional case, the previous result is independent of the hypothesis that

ng is a good form. What will be the nature of the hypergeometric functions that appear

in the integral ﬁ féj res (‘}’—f?, j=0,1, when 22 is a good form and wf—? is not a good

form? Exploring these integrals with k = 2 we obtain Proposition 1.

Proof of Proposition 1. Let X be a desingularization of the weighted hypersurface D
given by the quasi-homogenization F of f = g(z) + P(y), where g(x) = 22 + 2§ and
P(y) = y(1 — y)(A — y). Consider the good form ?—’3 with 8 = (0,4,0). Observe that
% is not a good form. In this case A = Q2?*5, so every cycle in Ho(U,Q) induces
an element in SHods (X, Q)g. Now consider the strong generic Hodge cycle induced by

ol = Zj:o n;01 * (5;1 with ng — ng + ny # 0 or ny — ny + ng # 0. This guarantees that

4
> g’ #£0
j=0

since variety X is 2-dimensional, we have

1 _
37 res ( f2> Q).
o1
Therefore by Proposition 7 and equation (20) we conclude that

4 48 2 /4 138
F(=,-2,2;1— 2N+ -ZF(=2,—2, 21— +1) (502 — 8A +
{6 (3, 33 A)(A A1) -2 (3, 33 /\>(>\ ) (5A2 — 8\ + 5)

e Q(A).
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It remains to prove that F (%, —%, %; 1-)), F (%7 —%, %; 1— ) ¢ Q()). For this, note
that the above hypergeometric functions are reducible and their angular parameters
A=1—-c¢c, up=c—a—>b, v=a—>bdon’t satisfy that exactly two of the numbers
A+ pu+v, = A+p+v, A\—p+v, A+ p— v are odd integers. This implies that
F(%,—%,%;l —)\)7 F(%,—%,%;l —)\) ¢ (@—()\)7 see [17, Theorem 12.17, item (c)]. To
obtain the other expressions the reasoning is the same but using the differential forms

% with ﬂ = (0,0,53), and ﬂg =0,1,2. O

Remark 5. Let X be a desingularization of the weighted hypersurface D given by the
quasi-homogenization F of f = g(x) + P(y), where g(z) = z? + 2¢, 6|d and P(y) =
y(1 —y)(A —y). If for each 85 € {% -1, % — 1}, there is a strong generic Hodge cycle
5t = Z;l;g n;jo1 * 6;1 on X such that

d—2

Z njé-é(ﬂrﬂ) ?é 0,

Jj=0

wB

then we obtain exactly the same result of Proposition 1 using the differential forms 72

with 8= (0,22 —1,0) and 8 = (0,4 —1,8;), B3 =0,1,2.

Using the same idea with the same (§’s in the same variety of the proof of Proposition 1
and with the cycle 6° = Z?:O 100 * 6;1 such that ng —ng+ng # 0 or ng —no +nyg # 0,
we have

Proposition 14. The following expressions are in Q(M):

3./7 1111 2 (4 181
0#£F (o, —=, =i~ | (XM= A4+1)==F (=, —=, =~ | A+ 1)(5A2 =8)\+5), (26
75 (3’ 3’3’/\)( +1) 15 <3’ 3’3’/\)( el +5), (26)
5171 2 (2141
0AF (S, oo~ | —F (5,2, o5~ | (A +1 27
# (373737A) 3 (373737)\)( + )7 ( )
10 (8 1 10 1Y\, ., 1 (5171 )
07&7F(373,3,/\)(A A+1) 6F(3,3,3,/\)(/\+1)(8>\ 11X 4 8)+
2141 (28)
. _ 2
<3’3’3’>\> AL =A%
24 (11 1 13 1 10_/8 110 1
e e O N R | [y 2\ (i 1) (7TA2 =1
0#7 (3,3,3,/\>(/\ A+1) X <3’3’3’,\>(’\+)(7A 0N+ T7)+
5171
2F (=, =, =~ | M1 = N)?
(373737A>( )?
(29)

but each hypergeometric function in the expressions above is not algebraic over Q(A).
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Remark 6. The algebraic functions of the expressions in Propositions 1 and 14 can be
found using Gauss’ relations. Using the relation

(c=b)F(a,b—1,¢;2)+ (2b—c—bz+az)F(a,b,¢c;2) +b(z —1)F(a,b+1,¢;2) = 0, (30)

with @ = %, b= % and ¢ = % we obtain that equation (3) is equal to 2)\% Using the
latter together with equation (30) where a = £, b = _2 and ¢ = § we ﬁnd that equatlon

(4) is equal to %)\é (A4 1). Similarly, we can see that equation (2) is equal to §A3 and
equation (5) is equal to %/\%. Now, with these same ideas and using the relation

@zF(aJrl,b,chl;z)+((a—b)z+(0—1))F(a’b’6;z)

—(c—1)F(a—1,b,c—1;2) =0,
. . . g 4 . . 2
Welobtaln t.hat equa.tlon (26) is e(}ual to —ﬁ(é 1)3 A3, equatlo'n (27)(18 'equal to — %)\z (A=
1) i Squatlon (28) is equal to —3 (2 —1)325(2+ 1) and equation (29) is equal to —3(z —
1)sz3.

Remark 7. The differential forms used in Propositions 1 and 14 are all forms such that
7= is a good form, “7 is not a good form, with Ag < 2 and Az ¢ N. We would like to
get more algebraic expressions of hypergeometric functions such that the hypergeometric
functions are not algebraic. One possible path would be to explore the integrals of good
forms °}’—§ with ng is not good form, Ag > 2 and Az ¢ N. The following proposition
tells us that such a path is not possible.

Proposition 15. Consider f = g(z) + P(y), where g(z) = 27" + -+ + a2 and P(y) =
y(1 —y)(A —y). Suppose that % is a good form with Ag > k, then % is a good form.

Proof. Since ;f—’,z is a good form, we can write

w /)
with ij S (C[)\] and AB+(0/7kj) = Aﬁ —+ %

j—1<Ag+ kjg_ 2 (see Remark 2). Now let us apply the process of pole order increment
to the differential form We obtain

fkl

Wp o _ A WBH(0 k)
1T chj fi-1 =

where 7 — 1 < A[3+(O/ k) < j This means that we need to increment the pole order
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k;
[wm(o',kj)] __ Ast g [ k) — 200 k41
fi=1 3(As+ % — ) fi

We must analyze each term of the previous expression. Let us see the most problematic
w I ks . i .
W Observe that j — % < Ao+ < JF % If Agyoky41) = J
then Agy(orr,—2) = j — 1. This implies that ;f—’,i is not good form or the differential

appears one step before obtaining equation (31). If we have %

term:

WB+(0/ ki —1)
e
as Agiork,—1) = J — % we need to apply the process of pole order increment again
wpg

but by applying it we get that 7 is not a good form because appears the differential

form

form % and Agy (o k,+1) = J. In conclusion Ag, (o ,+1) # j. If necessary we
increment the pole order again. The other cases are similar, leading us to conclude that
% is a good form. 0O

Remark 8. Proposition 15 tells us that in Proposition 13, the condition that w—fﬂ is a good
form is not necessary for k < 3 — 1.

To obtain more algebraic expressions of hypergeometric functions such that the hyper-
geometric functions are not algebraic we integrate a strong generic Hodge cycle in a good
form L}J—’,i such that wTB is not good form, Ag < k and Az ¢ N, where f = g(z) + P(y),
g(z) = 22 + 2¢ and P(y) = y(1 — y)(A — y). Indeed in the proof of Proposition 13 we

saw that up to multiplication by an element of Q(\)

B(L, 2H) B(Ap, Ap)
1 w 2 d B> 4p 1
2m,/res <_B) - ( ) ZCJ(A)F (aj,bj,cJ';X), (32)
50

k i
f i r

with F(aj,bj,cj;%) contiguous to F(a,b,c;%), where a = Ag + 83, b = 1 — Ap,
¢ =2Ag + B3. Therefore if §° = Z?;g n;00 * 5;1 is a generic Hodge cycle we have that

(32) belongs to Q(A). Furthermore, if

d—2

j 1
ancc]l(ﬂ2+ ) 40,
=0

using equation (20) we conclude that 3, Cj(A)F (aj,bj,¢j5 %) € Q(A). The fact that WTB
is not a good form implies that Ag = % for some N € N, and therefore F' (a, b, c; %) is
reducible. Also note that

aj:a—I—kj, bj:b+lj, Cj=C+dj,

with k;,1;,d; € Z. Consider \; = 1 —¢j, pj = ¢; —a; — b;, v; = a; — b;. A straight-
forward computation allows us to verify that \;, u;,v; do not satisfy the hypothesis of
[17, Theorem 12.17, item (c)] and therefore F (aj,b;,c;;5) ¢ Q(A). The same is valid
for the cycle o*.
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4.4. Computational verification

We can check the validity of Propositions 1 and 14 using numerical computations by
evaluating A\ at algebraic numbers. Call G(\) the function defined by equation (2). We
use the package with(IntegerRelations) in Maple. The command

v := expand([seq(evalf [k] (G(lambda)~j), j =0 .. m)1);

computes powers of G(A) from 0 to m with k digits of precision. With the following
command

u := LinearDependency(v, method = LLL);

we find a Z-linear relation between 1, G(\), G(A)?,...,G(\)™. The polynomial that sat-
isfies G(A) can be displayed with the command

P := add(uljl*z~(j-1), j =1 .. mt+l);

This computation is heuristic, since we only have approximations of G()). As an example
of the above take A\ = i with 12 = —1, m = 400 and 400 digits of precision. We have the
polynomial

81z* — 90022 + 10000.

These computations suggest that G(i) is an algebraic number. This is, of course, one
consequence of Proposition 1. In fact, by Remark 6 we know that G(\) = %)\%. Observe
that G(7) is root of 81z* — 90022 4 10000.

With these same commands we can verify what was proven by Reiter and Movasati
in [9] mentioned in the introduction of this paper.
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